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MANET (S,D) pairs employ multiple paths with
uncertain end to end delays
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• “Opportunistic” routing necessary due to movement, channel conditions,
buffer congestion...

• Multiple paths with uncertain end to end delays means packets may
arrive out of order at destination
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Sending an ordered source over a packet permuting
network
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• Network will reorder and delay but not lose packets

• Playback of (uncoded) ordered source delayed by reordering
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How to use two paths to a destination?
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p(Y1 = X1) = 1− p

p(Y1 = X2) = p
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Y1 = Xπ(1)

Y2 = (Xπ(1), Xπ(2))
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• Packets arrive in order w.p. 1− p, in reverse order w.p. p

• Y1 (Y2) denotes information available upon first (second) arrival

• Decoding delay modeled as a low/zero rate to receiver Y1
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How to use two paths to a destination?
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• Minimize “delay”: ensure content arrives in order by sending same
content on both paths ⇒ low throughput

• Maximize “throughput”: send independent packets on the two paths ⇒
higher delay

• Each packet reception instant is a receiver, rate tradeoff among receivers
captures T-D tradeoff
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T-D tradeoff in the NequIT architecture
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Same problem, depicted as a broadcast channel
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In fact, it is a degraded broadcast channel
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The capacity region of the generic DBC is known
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The capacity region of the discrete memoryless DBC is the closure of the
convex hull of the region R of rates satisfying

R1 ≤ I(Y1;X1)
R2 ≤ I(Y2;X|X1)

for some discrete rv X (with bounded support) where X1 → X → Y2 → Y1

form a Markov chain. (Cover 1972, El Gamal 1978, Cover 1998)
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Extreme points: duplication and independence
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• Rate point (1, 0) requires first receiver be able to decode regardless of
which packet arrives: achieved by duplication (X1 = X2)

• Rate point (0, 2) requires no decoding of first receiver: achieved by
sending independent packets (X1 ⊥ X2)

• Time-sharing gives easy inner bound
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Extreme cases: uniform and degenerate distributions
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Capacity region for two packets
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Rate-delay and rate-reliability tradeoffs
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• Increasing rate R1 (decreasing
playback delay) requires decrease in
rate R2 at slope 1/max > 1 or
1/min > 1

• Time-sharing inner bound achievable
by single channel use

• Outside this region requires coding
across multiple channel uses (moving
away from capacity boundary increases
reliability)
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How to use three paths to a destination?
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Π = {123, 132, 213, 231, 312, 321}
p(π) = (p123, p132, p213, p231, p312, p321)

Y1 = Xπ(1)

Y2 = (Xπ(1), Xπ(2))
Y3 = (Xπ(1), Xπ(2), Xπ(3))
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Distributions on first packet and first pair of packets

• Six possible permutations for three packets with a specified distribution:

Π = {(123), (132), (213), (231), (312), (321)}
p(π) = (p123, p132, p213, p231, p312, p321)

• p1
i is the probability that packet i is the first to arrive

p1 =

 p1
1

p1
2

p1
3

 =

 p(123) + p(132)
p(213) + p(231)
p(312) + p(321)


• p2

ij is the probability that the unordered pair of packets {i, j} is the first
pair of packets to arrive

p2 =

 p2
12

p2
13

p2
23

 =

 p(123) + p(213)
p(132) + p(312)
p(231) + p(321)


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10 ways of assigning 3 packets to 3 “users”, and the
associated rates
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Fig. 1. Left: The capacity region for the permutation channel withM = 2 packets. Here,max ≡ max{p, 1 − p} and
min ≡ min{p, 1− p}. Right: The achievable rate vertices forM = 3.
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Fig. 2. The permutation channel capacity region forM = 3 and two different permutation distributionsp =
(p(123), p(132), p(213), p(231), p(312), p(321)) on the six possible permutations.

REFERENCES

[1] J. Walsh and S. Weber, “Coding to reduce delay on a permutation channel,” in45th Allerton Conference on
Communication, Control, and Computing, September 2007.

[2] J. Walsh, S. Weber, and C. wa Maina, “Optimal rate delay tradeoffs for multipath routed and network coded networks,”
in International Symposium on Information Theory (ISIT), July 2008.

[3] ——, “Optimal rate delay tradeoffs and delay mitigating codes for multipath routed and network coded networks,”
submitted to the IEEE Transactions on Information Theory, April 2008.

[4] A. Albanese, J. Bl̈omer, J. Edmonds, M. Luby, and M. Sudan, “Priority encoded transmission,”IEEE Transactions
on Information Theory, vol. 42, no. 6, pp. 1737–1744, Nov. 1996.

[5] S. Boucheron and M. R. Slamatian, “About priority encoding transmission,”IEEE Transactions on Information Theory,
vol. 46, no. 2, pp. 699–705, Mar. 2000.

[6] R. L. Urbanke and A. D. Wyner, “Packetizing for the erasure broadcast channel with an internet application,” 1997,
preprint. [Online]. Available: citeseer.ist.psu.edu/urbanke97packetizing.html

[7] ——, “Methods and apparatus for packetizing data for transmission through an erasure broadcast channel,” U.S. Patent
6 175 944, 1997.

[8] A. Shokrollahi, “Raptor codes,”IEEE Transactions on Information Theory, vol. 52, no. 6, pp. 2551–2567, 2006.
[9] S. Sanghavi, “Intermediate performance of rateless codes,” inInformation Theory Workshop (ITW), September 2007,

pp. 478–482.
[10] A. E. Gamal, “The feedback capacity of degraded broadcast channels,”IEEE Transactions on Information Theory,

vol. IT-24, no. 3, pp. 379–381, May 1978.
[11] T. M. Cover, “Broadcast channels,”IEEE Transactions on Information Theory, vol. IT-18, no. 1, pp. 2–14, January

1972.
[12] ——, “Comments on broadcast channels,”IEEE Transactions on Information Theory, vol. IT-44, no. 6, pp. 2524–2530,

October 1998.
[13] T. M. Cover and J. A. Thomas,Elements of Information Theory, 1st ed. John Wiley and Sons, 1991.
[14] D. Avis, “lrslib ver 4.2.” [Online]. Available: http://cgm.cs.mcgill.ca/∼avis/C/lrs.html

15



Capacity region is convex hull of 10 rate points
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Problem statement: sending M packets over a
permutation DBC

...

s1, . . . , sN

Encoder

x1, . . . ,xM
p(π), π ∈ Π

y1 = (π(1),xπ(1))

y2 = (π(1),xπ(1), π(2),xπ(2))

yM = (π(1),xπ(1), . . . , π(M),xπ(M))

Decoders

Media
source

source frames packets

received packets upon each reception decoded frames

Network

...

Goal: characterize the region of achievable rate points, R, in terms of the
specified permutation distribution p = (p(π), π ∈ Π).

17



Special case: uniform disbn (inner bound for all π)
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If all permutations are equally likely, the capacity region is specified by the
inequality:

M∑
m=1

Rm
m
≤ K.
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Special case: degenerate disbn (outer bound for all π)
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If only a single permutation π ∈ Π is possible, the capacity region is specified
by the M inequalities

m∑
i=1

Ri ≤ mK, m ∈ [M ].
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Achievability (inner bound): packet assignments

The set of packet assignments, AM , is the set of all partitions of [M ]:

AM ≡
{

A = (A1, . . . , AM) : Am ⊆ [M ],
M⋃
m=1

Am = [M ], Am ∩Am′ = ∅
}
.

An assignment of packets Am ⊆ [M ] to user m means all of the K bits in
each of those packets are used to encode the source bits for user m.
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Achievability (inner bound): point to point channels

X = (A,xA) Y = (B,xB)

A ⊆ [M ] B ⊆ A
pm,A(B), B ⊆ A

Proposition: C(A) = K
∑
B⊆A

pA(B)|B| = KEA[|B|].

Proof. Let Q be the collection of disbns q on the contents of packets xA.

C(A) ≡ max
q∈Q

H(Y )−H(Y |X)

= max
q∈Q

(H(B) +H(xB|B))− (H(B)) = max
q∈Q

H(xB|B)

= max
q∈Q

∑
B⊆A

pA(B)H(xB|B = B) ≤
∑
B⊆A

pA(B)K|B|

Equality is achieved by the uniform distribution q.
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Achievability theorem (inner bound)

• Fix assignment A = (A1, . . . , AM) ∈ AM : consider M P2P channels:

Xm ≡ (Am,xAm) → Ym ≡ (Bm,xBm), m ∈ [M ]

• Achievable rate point for A: R(A) = (R1(A1), . . . , RM(AM))

Rm(Am) = K
∑

B∈S(Am,m)

pAm(B)|B|, m ∈ [M ]

• A region of achievable rates is defined by the polytope formed by the
convex hull of the rate points for each possible packet assignment:

Rin
M = conv ({R(A), A ∈ AM})

• Non-vertex points in this set are achievable via time-sharing across
channel uses
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General DBC capacity theorem

• Define um = (x1, . . . , xm) and ym = (xπ(1), . . . , xπ(m))

• General theorem for DBC with M receivers:

Rm ≤ I(ym;um|um−1), m ∈ [M ].

• Specialized to permutation channel with M receivers:

Rm ≤
∑
G∈Gm

pm(G)I(xG;um|um−1), m ∈ [M ]

for appropriate support Gm and distribution pm(G), defined in terms of
(p(π), π ∈ Π).
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DBC capacity theorem as a linear map from mutual
information vectors to rate points

Achievable rates (R1, R2) are a linear map from a mutual information vector
to the rate points:

R1 ≤ pI(x1;u1) + (1− p)I(x2;u1)

R2 ≤ H(x1, x2|u1)

or [
R1

R2

]
=
[
p 1− p 0
0 0 1

] I(x1;u1)
I(x2;u1)
H(x1, x2|u1)


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Feasible mutual information vectors don’t form a
polytope
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Take the convex hull of the feasible set of mutual
information vectors

26



The convex hull of feasible mutual information vectors
maps to a lower dimensional convex set of feasible rates

under the linear map
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Entropy vectors through the linear map yields achievable
rate points

• Convex hull of set of feasible mutual information vectors generated by a
set of points {I}
• Map each M.I. vector to a rate point: R = TI

• Form convex hull of these rate points Rout
M = conv({R})

This procedure can be automated for any specified permutation distribution
(p(π), π ∈ Π).
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Summary

• Theorem (inner bound): Rin
M = conv({R(A)}) for A ∈ AM .

• Theorem (outer bound): Rout
M = conv({R}) for R = TI.

• Conjecture: Rin
M = Rout

M . Verified for M = 2, 3.
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Related work

• PET codes (Albanese, Blömer, Edmonds, Luby, Sudan, Trans. IT 1996)

• Fountain codes (Shokrollahi, Trans. IT 2006)

• Rateless codes (Sanghavi, ITW 2007)
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Extensions

• More sophisticated measures of throughput and delay are possible, yield
explicit T-D tradeoffs for large M by solving associated CoV problem

• Incorporating lost packets

• Unlabeled packets
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