Fundamental Limits and Practical Codes for
Collaborative Estimation

John MacLaren Walsh, Sivagnanasundaram Ramanan
Department of Electrical and Computer Engineering
Drexel University
Philadelphia, PA

jwalsh@ece.drexel.edu

UNIVERSITY

Thanks to NSF CCF-0728496 & CCF-1016588.



QOutline

Collaborative Estimation Problem
— model set up

— key constraints (complexity, communication), perspectives

Dealing with Complexity via Approximate Inference

— Information Geometry determines performance complexity tradeoff

Dealing with Communication Limitations via Multi-terminal Rate Distortion Theory

— Entropy Geometry determines performance communication tradeoff

How to Reconcile to Deal with both Constraints

— Couple Approximate Bayesian Joint Inference with BP Decoders

Proof of Concept



What is collaborative estimation?

Source information
T

w—z \ @_Z‘I— w_; \\\ Local observation
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M nodes. Node m w/ local observations R,

Collection of random parameters T jointly distrib. w/ {R,,,}

Node m wants to estimate T with 7},, to minimize a local Bayesian cost function,
i.e. dp (T, T) given avail. info.

nodes share information over a network to help form their estimates



What are the major research issues/perspectives?
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Joint Bayesian Estimation
Without the constraints, the problem is trivial once the model has been selected.
each node broadcasts its observations r,,, to all of the other nodes
given r := [r,,|m € [M]] each node forms the posterior distribution ppr(T|r).

each node chooses its estimate T, as the estimate minimizing its own Bayesian
risk function

A

T, € argmin/dm(Tm,T)pT|R(T|r)dT
T,
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The Signal Processing/Machine Learning Perspective
PROBLEM 1: argmm/dm(Tm,T)pT,R(T,r)dT IS HARD!
T,
e one important major difficulty: the integration over the posterior distribution is

usually difficult computationally and analytically, as can be the minimization of the
local risk.

e enter approximate Bayesian inference: “best”-
approximate the posterior distribution within a
tractable family of distributions

— Gibbs Sampling

— Variational Bayes

— Expectation /Belief Propagation

e Complexity handled in 2 respects
— Approximating Family selected so that risk calc. & min. is easy

— a factoring of p(T'|r) =], fa(Ta,ra) is exploited to individually fit factors of
an approx. distr. p(T'|r) =[], 9a(Ta) (yields a “message passing”
interpretation)



How can this be used to simplify the Risk Minimization/Calculation?

are min / Ao (T, T)prre (TJr)dT
T,

if d,,,(T, Tm) = dp (T, Tm) can select a factoring & approximating family to get
marginals for T,,.

If the risk is a sum of terms of this form, can again simply find the best marginal
approx., i.e. p(T|r) =[], p(Ta|r)
More broadly, if there are parts of the posterior which yield risk computation

difficult, they can be approximated with exponential families in which it is simple
(e.g. Gaussians). [1, 2]

The message passing nature of the algorithm describes one way to handle
decentralization of the data (group it with factor nodes). [3, 4, 5, 6, 7]



What is the major underlying fundamental (math) problem here?

e The selection of the factoring

p(T|r) = H fo(Ty,ry) & the approximating family B

determines both:

— the convergence & the complexity of the variational inference, as well as

— the performance of the estimates (i.e. the error in the risk calculation)
e Further, there is a tension:

— A bigger approximating family allows for equal or better performance, but
comes at the cost of additional complexity in fitting the approximate
distribution and calculating the risk.

— Additionally, a bigger approximating family requires more parameters, and
hence requires bigger messages, hence more communication.

e Characterize this performance vs complexity tradeoff and approximating families
which attain it. (Dictated by interplay between parameterizations of subfamilies of
distributions and estimate errors, i.e. information geometry [3, 9].)



Let’s See this in an Example

N network nodes placed |ID at po-
sitions X, ~ px

Maintain low power consumption
— random duty cycling A(k)

Need to organize a wireless net-
work between them (neighbors)

Must estimate (N — 1)N channel
SNRs/gains between them

hij moc [ X = X[ (1)
Gives a (marginal) prior py that is
intractable, but potentially useful
Standard channel training, w;;x ~

N(0,1)

Tijk = hijSik + wije  (2)

Sleep cycle time instant k
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Posterior factors as
H) | [ p(rijilhij)

Match with an approximate posterior

p(H|r)

p(H

Let's See this in an Example - cont’d
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Expectation propagation refines approx.

factors according to

gy, = arg min D
ga €8,

[1, 2]
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The Information Theory/Coding Perspective

only r,, is originally available to node m,
PROBLEM 2:
any communication is over finite rate links

another major important difficulty: the nodes must send their messages over a rate
limited wired or wireless communication network. The information exchanged can

not exceed the capabilities of this network, and the level of use may lead to costs

(e.g. energy or $).

How should the communications be organized to allow for the best estimate
performance when adapted to different communications networks? (l.e. what is

the code structure?)

What is the best estimate performance we can have subject to these constraints?



Relationship Between Remote Bayesian Estimation and Lossy Source Coding

Observations

Encoder Node

Nature

T; .| Block code Me {1,....2"
(length N)
Decoder Node
T,—
< Decoder

Y Bld(T;, T)] < D

¢ & Z,fvzl E[d(T;,T;)] < D plays the role of an average Bayesian cost. Dobrushin &
Tsybakov '62 [10] showed minimum rate necessary to attain < D is min [(U;Y)
over U <Y < T

e Just like rate distortion function but with 7; instead of Y; in distortion, and
Markov requirement.



What should the source code architecture be under SC separation?

v Y

Y2

Broadcast
channel

/V

Local observation

V\Y3

e Scalar Gaussian broadcast channel is degraded:
— everything that receiver w/ | SNR gets, the receiver with 1 SNR gets

— receiver w/ T SNR can get extra info

e Source code construction should reflect this:

— If source code sends only individual messages S71_.9, 51_.3 the ability of receiver
w/ 1 SNR to hear everything sent to the receiver w/ | SNR is wasted

— = should use multicast messages! 51,231,512, 5152.



What should the source code architecture be?

Y1

A Yl

\ / N
T Y2
p(T) > P(Y1,Y2,Ys| T)—»
Y3
—
) 4 / \v
e © O‘\
Y2 Y3
2 3

e Network coding insight: limitation for R;_, 5 3y is 2, higher than maximum equal
R1—>27 R1—>3 — %
e Again implies that (even separated) source coding construction should allow for

multicast rates.



What should the source code architecture be?

Yl :'________________________I
v : - S152
L " S1 .3 information to
local observation | Encoder S Node 1 and 2
at Node 1 | : 1223
: : SQ—>1
T, i " S341 information from
: Decoder ! g Node 1 and 2
local estimate l 52_” 3
at Node 1 | Node 1 E 3—1,2

Ys ztg Ys

e Each node sends a (possibly different nonempty) message to each subset of other

k
nodes. 57, 4,

messages depending on messages received in previous rounds.

A C [M]\ j. Multiple rounds k of such messages may be sent, with

e Every node collects all of the received messages together with its local observations

and forms an estimate which minimizes its local Bayesian cost [dm(T, Tm)}



What performance do the best such codes have?

Rate distortion region 'R of achievable rate vector
r:=|[R;.alj € [M], ACI[M]\ j| and estimation error (cost) vector
d := [D,|j € |M]] pairs characterizes the best such codes.

Capacity region C of a network is described in terms of all achievable r.

Estimation performances attainable are those d associated with a r through
(r,d) € R with r in C.

Hence, inner and outer bounds for the rate distortion region ‘R for this problem are

of interest.



Rate Distortion Region

this problem is a hybrid btw. 3 classic “incompletely solved” |IT problem
classes...[11][12][13] [14, 15]
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e (a) - Multiple descriptions, (b) - CEO, (c) - interactive rate distortion

e “Incompletely solved” = single letter characterizations are generally not available

e /f we don't ask for single letter, can be expressed as

NRf’j > H(SF, ), SF., e YNS* 1 & everything else (6)

1 1

o with TN « YN SK. & everything else such that E[d; (TN, TN)] < D;

1



What is the major underlying fundamental (math) problem here?

Major issue with these regions: while analytically elegant, it can be quite difficult
to determine whether or not a given numerical r,d pair lies within them. (e.g. plot
them or optimize over them)

They involve inequalities among rates and (weighted) sums of Shannon entropies
of subsets of random variables, including auxiliary variables (distribution not
determined other than to obey certain distortion constraints & Markov conditions).

All rate regions in multiterminal information theory are expressible in this way.
Hence all rate regions are expressed in terms of linear projections of I, (C).
Problem is, we don't know the boundaries of I'}, let alone I'%, or I'%;(C). [16, 17]

Hence, underlying problem here is of determining entropy geometry.
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How might these perspectives be reconciled?

Sparse graph coding constructions and modifications of BP decoders have been
adapted to some multiterminal coding problems (Wyner-Ziv, Slepian-Wolf)

How can they be adapted and generalized to this one?

What do the information theoretic bound evaluate to in important pragmatic
estimation problems for wireless networks, such as for channel estimation?

Belief /expectation propagation can help not only with designing the decoders, but
also determining which information to compress in order to make risk minimization

tractable after decoding.



How might we do this? — Information Theory Part

simplify to broadcast messages
send messages one at a time

essential problem here: broad-
casting a message to nodes
with differing levels of side in-
formation

Direct degraded case Y; <
Y1 < Y, established by Source
Coding when Side Information
May be Absent, C. Heegard
and T. Berger, Trans. |. T.,
1984.

Indirect degraded case T <
Yo & Y] & Y, follows from
this with not much work.

Y;
R(Dl, DQ) +

——

Ys

— T1

L » /5

Heegard Berger Problem

R > I(Yo; U1 |Y1) + 1(Yo; Uz2|U1Y2)
Eld:(T;91(Y1,U1))] < Dy

E[dy (T g2(Y2, U1, Ur))] < Dy
Ui,U; & Yy < Y1, Y,



How might we do this? — ML & Practical Codes Part - |

for this problem need both
a successive refinement code

and a Wyner-Ziv code. [18]

2

correlated Gaussian (-)~ error

start with Y7 =0
SRTCQ [19, 20, 21]

losslessly compress first refine-
ment (for decoder 1)

Take conditionally IID bits of
refinement, use (now stan-

dard) LDPC syndrome based
compression trick [22, 23]

use a belief propagation itera-
tive decoder using side infor-
mation as observations to de-
code the syndrome [24]

Encoder b! Decoder 1
E Lossless 5 Lossless
by Compressmn g Decompressian
X (9zip) :
SR-TCQ 4 f : Y I —
§ 20 o bi
b2 Syndrome | : _
" | Encoder [ Trellis =~
Read X
by '
Trellis b, | LDPC Lossless
; Read Decoder [~ Decompressio‘n 5
. 2 AT
I N N Y o |
by y b by
by | Initial §
Probability |3

e idea:

iterate successive versions of

these codes (different nodes taking

turns)

e concatenate with a difficult inference

model within the same BP decoder



Q\

@)

How might we do this? — ML & Practical Codes Part - Il
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