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Overview

1. Network Utility Maximization (NUM) Mantra for Network Management
(a) Problem Setup

(b) Key Issues for Success

2. Answering NUM’s Needs with Information Theory
(a) Utility Functions < Multiterminal Rate Distortion Source Coding
(b) Feasible Resource Region < Network Coding
(c) Network Monitoring (Inference and Tracking) < Indirect Multiterminal
Rate Distortion Source Coding
3. Difficult Deep Entropy Geometry Theory Problem at Core

(a) Motivation: Optimization in Distribution Space v.s. Optimization in
Entropy Space

(b) Different Flavors of the Set of Entropic Vectors '}, Q. &,



etwork Utility
Maximization

r* € argmax U (r)
rcR

Selects resource operating point

among network capabilities to

maximize utilit

#1

Network
Applications

Capabilities of
Network
Infrastructure

MULTITERMINAL
RATE DISTORTION
SOURCE CODING

Takes: Applications requested by net-
work users (e.g. VOIP, streaming video,
email, http, etc) and a “distortion” met-
ric indicating user satisfaction and de-
mands for each.

NETWORK &
CHANNEL CODING

Takes: Weighted Hypergraph Model of the
current Network links.

Returns: Rate distortion theory derived
Utility Functions indicating the level of
satisfaction with different possible
resource allocations.

Needs: (I)n (C)

Returns: Region of Achievable Rates for
Multicasting and Unicasting Data
Between Nodes utilizing Network

Coding.

Needs:q)n (C

Network Topology
Estimation & Tracking

NETWORK INFERENCE

oy . X &
Takes: distributed measurements of channel qualities, packet $Q‘§o S
loss rates, queue backlogs, etc. throughout the network. &

eturns: Inferred estimate of network structure as a weighted

hypergraph.
Needs: @n (C)



Network Utility Maximization (NUM) Mantra for Network Management

Network Utility Maximization [1, 2, 3] (NUM) Mantra: Provide methods for
distributing constrained (finite) network resources among users and applications in

such as manner as to maximize the aggregate utility over the network.

From this level of idealized generality, the problem can be broken up into four parts:

1. Determine utility functions U;(r) for different users and applications which
accurately reflect their happiness when given different levels of resources r.
Aggregate these into a global utility function U(r).

2. Determine the set ‘R of feasible resource allocations which may be supported

by a current estimated model for the network’s constraints.

3. Create distributed network inference algorithms which can monitor and track

the estimated network model.

4. Create distributed controllers which allocate resources in the network
according to

i U
r Eargl;nea% (r)



NUM Meets Information Theory

Much of NUM literature uses simple models for the utility functions and feasible
resource allocations, assumes the network model is perfectly known, and focusses

on developing and analyzing distributed controllers.

Network information theory can have a big, helpful, augmenting impact on NUM
by giving a deep theoretical basis for these topics typically glossed over. Namely,

we wish to convincingly show

e utility functions can be determined with multi-terminal rate distortion source

coding theory

e the region of feasible resource allocations, given a current hypergraph model
for the network, can be determined with channel and network coding theory

e the performance of the best distributed network inference algorithms can be
determined with indirect multiterminal rate distortion source coding theory

Note we will focus on rate (as is typical) as the resource of interest, but important
work reconciles this idea with other important resources (e.g. delay and priority).



Utility Functions < Multiterminal Rate Distortion Theory

Utility function represents happiness of an application/user with a given

resource allocation.
Consider an application, such as voice or video unicast.

Analogous idea from information theory is the (negative of the) distortion rate
function for a code, which represents reproduction fidelity attainable given a

communication rate constraint.

Note: selection of utility function should consider the “happiness’ the most
efficient use of the resources would yield (gives incentive for using resources

optimally).

Distortion - rate function is perfect fit: best avg. distortion attainable (over all

possible codes = resource uses) under a rate constraint.



Utility Functions < Multiterminal Rate Distortion Theory, II

Consider an application, such as voice or video mul-
ticast. (right)

0O can receive both what 1 and 2 receives.

for reproduction at 0 to be good want description
from 1 and 2 to contain complementary (different)
source information

for reproduction at 1 and 2 to be good want the
information at 1 and 2 to contain similar (source
representation) source information.

The tradeoff between Ry, Ry and Dy, D1, D5 is given
by multiple descriptions rate distortion source coding
theory.

Utility function for this application can then be se-
lected as a function of the three distortions (e.g. p-
norm ||[Dy, D1, D2||,, to trade min sum distortion for
min max distortion).



Region of Feasible Resource Allocations < Network Coding Theory

Another question: feasible set of resource allocations
R7?

One solution (wired network model): sum up rates
of all applications flowing on a link and compare with
link capacity.

Network coding on graph to right shows that this
Is suboptimal if nodes can process and combine
flows/packets. The capacity region of simultane-
ously supportable multicasts describes the region of
feasible vectors R under network coding.

Wireless Capacity Regions not known exactly in
many cases. Hypergraph models have been helpful
in this respect [4]. Other more elegant approaches
include power with rate among resources to adapt in

this context, e.g. [5, 6] (bringing in power control to
NUM).



Distributed Network Inference < Indirect Multiterminal Rate Distortion

Theory

What is one (naive) model for the essence of network tomography/monitoring?

Have an underlying weighted hypergraph T;, reflecting operating network
interconnections and link capacities (regions) that we would like to know (at
time n).

Have a collection of observations Y; ,, at each node i in the network (perhaps

in some cases due to intentional network “pinging”).

Need to try to share some processed information from these observations with
other nodes in the network, with each node ultimately trying to from an

estimate 75 ,,.

Bandwidth for communication between the nodes about this is limited. Must
live in region R of simultaneously supportable multicast rates R;_. 4.

Problem of choosing best encodings allowing an long run avg. estimation error
D is an indirect multiterminal rate distortion problem with side information.



Distributed Network Inference < Indirect Multiterminal Rate Distortion

Theory
T T T T
I
Y : 1 SIHQ
1 T
| Encoder | S1-3 information to
local observation . Node 1 and 2
at Node 1 [ : —2,3
| !
I I
I I
I I
I I
I I
I I
| |
: : SQHI
R I
T, : ' S3-1 information from
X Decoder : Node 1 and 2
. : 1 SQH1,3
local estimate | T
at Node 1 I : S3.1,2
| Node 1 ,

Y2 Z‘_S‘S YB _________________________



What is keeping us from using these techniques?

e Each of these additions
— multi-terminal rate distortion region (for utility functions)
— multi-terminal network coding rate region (for feasible resource region)

— indirect multi-terminal rate distortion for networked inference (network
tomography and monitoring)

depend on simple characterizations a fundamental geometric object in
information theory: the set of entropic vectors T',,, 2, ®,,, and it's restriction
under distribution constraints



Variants on the Set of Entropic Vectors
o X :=[Xq,...,Xn]| X4 :=[X;|i € 4]
e h(px) = [H(X4)AC{1,...,N}]
e I'% :=h(D) [1]
o Oy :=h(D,)
o OF =Uy—s mmanh(Pum) [8, 9]

e tight half spaces for I'}; or conv(®y) (tangent)

H(X,,X,)

give linear information inequalities (set of such
is dual representation)

e Shannon correctly characterized for N = 2,3,
but for N > 4 we don't know what this set is!

e Matus [10] Recently showed that there are an

uncountably infinite number of such inequalities
for N >4

e time to find a new trick!



An Idea We are Pursuing: Restrict to Binary!

(Xl’X2)

(I)N = h(Dg)
convex hull matches € and convex cone

matches I'*

good thing: we've shown that we can recursively
compute boundaries of this onel

bad thing: no longer convex, would have to con-

vex convex hull

HOWEVER *can* tell which faces of outer

bounds are tight

— enumerate vertices of outer bounding poly-
tope

— check which ones are in ®,,



Why is ®,,(C) Important?
Network information theory theorems involve 2 things:

e rate inequalities in terms of weighted sums of entropies among random

variables
R; > I(Y;; U;|U;)
e constraints in terms of the probability distribution
— given a source distribution » .\ x, px = p(Xo)
— given conditional distributions p(Y|X)
— given distortion constraints E|d(X7, X3)] < D
— given conditional independence (Markov Contraints)
e When weighted sums of entropies work out to be convex functions of free

distributions, everything is fine. This frequently doesn’t happen in
multi-terminal context.



Why is ®,,(C) Important?

Multiple Distortion Joint Entropy vector Rate region
descriptions space disbn on region for
problem X, Xo, X1, Xo X, Xo, X1, X5
do R2
A proposed
. "tractable" linear map
d Linear ma X
max P nonlinear map
(dmax)
> >R
entropy vectors int ¢ 1
D(dmax) satisfying Jsoaltnisfmi nes
max joint disbns distortion_cef ) Stylng
tisfyi distortion const.
satisfying - : ]
distortion const. conventional
D(dmax) - {d . dO + dl + d2 S dmax} intractable

nonlinear map
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RATE DISTORTION
SOURCE CODING

Takes: Applications requested by net-
work users (e.g. VOIP, streaming video,
email, http, etc) and a “distortion” met-
ric indicating user satisfaction and de-
mands for each.

NETWORK &
CHANNEL CODING

Takes: Weighted Hypergraph Model of the
current Network links.

Returns: Rate distortion theory derived
Utility Functions indicating the level of
satisfaction with different possible
resource allocations.

Needs: (I)n (C)

Returns: Region of Achievable Rates for
Multicasting and Unicasting Data
Between Nodes utilizing Network

Coding.
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Network Topology
Estimation & Tracking

NETWORK INFERENCE

oy . X &
Takes: distributed measurements of channel qualities, packet $Q‘§o S
loss rates, queue backlogs, etc. throughout the network. &

eturns: Inferred estimate of network structure as a weighted
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