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Abstract— Many previous attempts at analyzing the conver- constituent
gence behavior of turbo and iterative decoding, such as EXIT Encoder
style analysis [2] and density evolution [3], ultimately appeal to
results which become valid only when the block length grows =
rather large, while still other attempts, such as connections @@ &
to factor graphs [4] and belief propagation [5], have been
largely unsuccessful at showing convergence due to loops in the constituent
turbo coding graph. The information geometric attempts [6], Encoder

[7], [8], [9], and [10], in turn have been inhibited by inability
to efficiently describe intrinsic information extraction as an Fig. 1. A parallel concatenated turbo code. The MUX selecith ihe
information projection. This paper recognizes turbo decoding as systematic and parity check bits from one of the componentsadel just
an instance of a Gauss-Seidel iteration on a particular nonlinear the parity check bits of the other. If puncturing is used, sah¢he parity
system of equations. This interpretation holds regardless of block check bits are never transmitted.
length, and allows a connection to existing convergence results for

nonlinear block Gauss Seidel iterations. We thus adapt existing " = a2
convergence theory for the Gauss Seidel iteration to give suffent L) Ar

- priors posteriors—| priors posteriors
conditions for the convergence of the turbo decoder that hold -
regardless of the block length. Decoder 1 Decoder 2

|. INTRODUCTION (Ars; Aro = Observations Ari observations

Along with being one of the most prominent communi- _
cations inventions of the past decade, the introduction of Fig. 2. The turbo decoder.
turbo codes in [11] began a new era in communications

systems which brought them closer than ever to theoretical ) ) ) . .
performance limits. The creation of turbo codes introduaed!ndeed, despite a variety of these interpretations of raiive

new method of decoding these codes which brought the §&coding algorithm, many questions remain concerning eher
coding of complex codes within the reach of computationalf§s fixéd points lie and under which conditions it converges.
practical algorithms. The iterative decoding algorithnhile In th's paper, we wish to _Somewhat_ demystify the iterative
being suboptimal, performs well enough to bring turbo codé§coding algorithm by noting that it may be interpreted
very close to theoretically attainable limits. Yet, an aete 25 @ nonlinear .block Gaus.s Seidel .|terat|on on a pqrucular
justification for why the decoding strategy performs as well System of nonlinear equations. While connection with the
it does is still lacking. Significant progress has been maitie wnumerical analysis via fixed point iterations [12] have been
EXIT style analysis [2] and density evolution [3], but thes@oted before, the relation to_the nonlm_ear block Gausseheid
techniques appeal to approximations which are only valid ff'd the convergence proof it can provide, seems to have been
the case of very large block sizes. Connections were showrPi¢griooked. This interpretation allows us to adapt exgstin
the sum product and belief propagation algorithms in [4] arg@Phvergence results for nonlinear block Gauss Seidetiters

[5], but these algorithms are only known to converge when tf@ the situation encounyejred in 'Furbo dgcodmg. From it, we
code graph has no loops, which is rarely true for turbo cod&&n gain s'uff|C|e.nt cond|t|9ns which are independent of tbloc
The information geometric interpretation [7], [8], [6]][910], length which give a region of convergence for the turbo
while it provided an interesting way of describing certaif€coder.

portions of turbo decoding as information projections,nsee
to have been unable to completely describe turbo decode
convergence as well. This was largely due to the inability In this section, we introduce our notation, which is heavily
to describe the intrinsic information removal in the produdnfluenced by the information geometric analysis of turbo
densities as an information projection on an invariant setecoding [8] [7] [9] [10]. We also give a brief review of

IJI. N OTATION AND REVIEW OF THE TURBO DECODER



a description of the operation of the turbo decoder. Foecoders could use some of the observed channel LLRs
simplicity, we will consider the (parallel concatenatedjbio and its own codebook to generate a word-wise likelihood
code structure as shown in Fig. [11] and the iterative function. A component decoder may then be regarded as
decoder structure as shown in Fity.Let V be the number of bitwise marginalizing its likelihood function weighted thvi
systematic bits in a block, and I1® be the2" x N matrix the pseudo prior wordwise pmf obtained by multiplying the
whoseith row is binary representation of the integer marginal bitwise prior probabilities that it was given as an

Let B; denote the-th row of B. If pngi) is a probability input. The likelihood function that the first decoder uses, f
mass function over the outcomé®;}?_;"!, we will find it instance, ha# coordinates [8] [7] [10]

convenient to work with its logarithmic coordinates [7]],[8 A
[10] 0o = [B|CO] { )\1:0 :|

(B:) = log p(B:) — log p(Bo) while the likelihood function the second decoder uses thas
which, when listed in a vecto® for i from 0 to 2 — 1, are coordinates
called thef coordinates. This amounts to expressii8;) as 0, =[Ci|A1

p(B;) = exp(6(B;) — 1) Let the extrinsic information from the first component desod
. ) i o be denoted byAr and let the extrinsic information from
in which ¢ = 3, exp[f(B;)] is a normalization constant e second decoder be denoted Ay. During the turbo
to ensure that outcomegB;) sum to one. One may Showqecqder iterations, these extrinsic informations are inbth
[7], [8] that a probability mass functiop(B;) is a product . marginalizing the word-wise densities whaseoordinates
dens!ty (|.e_., comudes_ V\{Ith the prqduct of its bitwise giaal areBAy -+ 6, andBAr 40, , respectively and then subtracting
functions) if and only if itsf coordinates become off intrinsic information. Thus, for any particular valué a;

0 = [6(Bo),0(B1),--- ,0(Byv_1)]” = BA define a column vectop, € [0,1]" by
exp (BAr + 64)

| exp (BAr + 61) ||l1

These are the bitwise marginal pseudo posterior probiaksilit
Ai = log[Pr(¢; = 1)/Pr(& = 0)] that the second component decoder would output given pseudo

Let N; be the number of parity check bits generated frofrior log Iikelihpod ratiosAr. Similarly, for any particular
the first component code (including punctured bits) and [¥glue of A define a column vectop, € [0, 1] by
N> be the number of parity check bits generated by the exp (BAy + 6y)
second component code (including punctured bits). Suppose [ exp (BAy + 60) [|1

that the vector of bitwige Iog. likelihood ratios (LLRS) ateth These are the bitwise marginal pseudo posterior probiaisilit
output of the channel (mCIlfVngfA?ros at the Jocations ef tr%hat the first component decoder would output given pseudo
: C Ny :
Eg\r,lvct\llJerStc(i)rt;Es)_ar(e)\\r GAR Ars) S(’) Eea(:rgﬁrotfhfﬁee Il_rl]_tlgsa prior log likelihood ratios\;;. In practice of coursep, andp,
associated V\;‘itf:therg’sfg%atvié bits are at the beainnin W?uld be calculated by exploiting the Markovian structufe o
Y 9 9 BE channel observations restricted to each of the componen

the vector), ,, followed by all of the LLRs associated with . .
: X : ) codes using, for example, the forward backward algorithm

the parity check bits of the first cod®, o, followed by all . . .
’ 13]. However, for our purposes, this description suffices.

of the LLRs associated with the parity check bits of th inally, define the column vectas, ¢ [0, 1]¥
second code\, ;. Now, consider the codebook we are using. ' 0 ’

In particular, if we were to consider every possible value of po(Av, Ar) = BT exp(B(Av + Ar))
the systematic bits, encoding each possibility and rearder 0 [lexp(B(Ay + A7)l

it into the (systematic,parity check 1, parity check 2) orderhese are the bitwise marginal probabilities associateti wi
described above, and then stack these reordered codewgkdSextrinsic information valued; from the first component

on top of each other, we would get a binary matrix of aljecoder together with the extrinsic information valuks

the codewordsC € {0, 1}>" *(N+N1#82), This matrix would  from the second component decoder.

have the form We shall also find it convenient to define the matrices
C = [B|Cy|CH] Py, P1, P, given by

where now thei row is the (systematic, parity 1, parity 2)-
reordered codeword if the systematic block that was encoded
was the binary representation of the integeWe will assume
that the all-zero codeword is contained in the code-books of P, = B Diag [
each of the component decoders so that the first row of

is all zeros. This assumption is guaranteed, for example, if
the two component codes are linear. Each of the component

for some vectod\, which may be identified as the log marginal P2(Ar) = BT
ratios of the distribution:

P1(Av) = B

P, — BT Diag { exp(B(Ay + A7) }

lexp(B(Au + Ar))ll1
exp(BAy + )

[l exp(BAu + 9o)||1]
exp(BAr + 61)

| exp(BAr Jr‘91)||1]

P, = B"Diag [



Note then, that the entry at thith row and;th column of Py, The algorithm operates by solving)(for Ay given a initial

for example, is the probability that théh andjth bits are one Ay, and then solving7®) for a newAy given Ar. This Ay is

according to the measure whogecoordinates ard8(Ay + then used to solve for a nedr in (6) again, and the algorithm

Ar). The same holds true fd?; and P, with B(Ay + A7) repeats, ideally until a solution to the system is found.he t

replaced withBAy + 8, and BAr + 64, respectively. Finally, case that a solution is found, it is easy to see from the system

we defineQ, = P; — p,p! for 0 <i < 2. above thap, = p; = p,, and thus the pseudo-posteriors from
We shall show in a later section that the turbo decoder m#ye two decoders agree.

be interpreted as an attempt to solve the nonlinear system oNow, to notice that this is a block version of Gauss-Seidel,

equations just write the function
Po(Au,Ar) —pi(Av) = 0 Fo(Ar,Au) = Po(Av, A1) — p1(Av)
Po(Au, Ar) —p2(Ar) = 0 Fi(Ar,Au) = Po(Av, A1) — Pa(Ar)

simultaneously using the block nonlinear Gauss Seidel it-Now, just note that the turbo decoder iterations have the
eration. First, however, we will review the specifics of théorm
Gauss Seidel iteration method for solving a system of equa- .
tions gasy a AFFD T — X\ such thatfy (Ar, AL) = 0 8)
AFD T — Xy such thatr, AY T Ap) =0 (9)
[1l. THE GAUSS-SEIDEL I TERATION

This is exactly the same form ag)(and 6), so the turbo

: . . ecoder is a Gauss Seidel iteration in an attempt to solve the
a system of equations. It has been discussed most widely

linear systems of equations [14] pp. 480-483, [15] pp. 25 %tem of equationsb] and () simultaneously.

. —~~"We must now prove that this iteration yields well defined
257, and [16] pp. 510-511, but can be generalized to nonline . . .
systems of equations as well [17] pp. 131-133, pp. 185_19§)Iut|ons. Indeed, we can prove that it doesXgr, A which

The Gauss-Seidel iteration is an iterative method for sglvi g

. A ) 0 not result in decoder posteriors that have bitwise mafgin
For the nonlinear block Gauss Seidel iterations [18] pp, 22 b g

. deul Id like t ve th ¢ ; i robabilities that are on the boundary[6f1]YY. We have the
in particular, we would like to solve the system of nonlinegy, iing theorem.
equations

F(x)=0 (1) Thm. 1 (Unigqueness) Given a Ay as a pseudo posterior, the
extrinsic information output A of the first component decoder is
Where, we assume in this case tltat RY — RYM. We the only solution to (6) for that Ai;, and we can write a function

divide the vectorx into halvesx = (x¢,x;) and we divide A% (Av) that gives the only solution to (6) for each Ay € R such
the system of equationd)(into two halves that (Ay +Ar) € R (i.e., Av + Ar is finite).

Fo(xg,x1) = O ) Proof: Consider the derivative o] with respect to\r

Fi(x0,x1) = O 3) + exp(BOr + Ap))
F = B
VarFo = VB B AL

exp(B(Ar + Av))

After picking an initial estimate fok;, we use this estimate

to solve @) for x,. We then use this value of, to solve for — BTDj B—
a new value ofx; using @), and the procedure iterates. [ exp(B(Ar + Av)) 1
(k41) *) 7 exp(B(Ar + Ap))

X0 = X¢ such thatFy(xp,x; ') =0 4) [ exp(B(Ar + Av))|lx

x(F = x; such thatr, (x{ ", x;) =0 (5) exp(B(Ar + Ap))T
Of course, such an iteration does not always converge to the I eXp(B(ﬁT +Av))ls
solution to the system of equations: one needs the system = Po—popy = Qo
which you want to solve to satisfy certain conditions [1]. = Diag[p,|Diag[1 — p)

We will investigate what the conditions mean for the turbo
decoder, but first we show how the turbo decoder can
viewed as a block nonlinear Gauss Seidel iteration.

can thus see thaf, [p, — p;] is full rank unlessp, is
on the boundary (i.e. at least one of the probabilities ae on
or zero). We know that a component decoder sol\&sbf

V. CONNECTION TO THETURBO DECODER definition so we have at least one such;, Ar). The implicit

Recall that we had one interpretation of the turbo decodllc(q!:‘JnCtlon theorem [19] pp. 224, [20] then tells us that we can

[ 30
to be an iterative algorithm bent on solving the system ofa ve a functiomz(Ay) such that
equations Po(Av, AT (Av)) — Py (Av) =0

Po(Au, Ar) —pi(Ay) = 0O (6) for all Ay € RY that do not give rise to pseudo-posteriors on
Po(Au, A7) — po(Ar) = O (7) the boundary.



Cor. 1: Given a Ar as a pseudo posterior, the extrinsic infor- Next, note that the block diagonal components of this matrix
mation output of a component decoder Ay is the only solution  are indeed diagonal matrices, since the pmf whds®ordi-
to (7) for that Ar as long as (Au + Ar) € R™ (i.e., Av + AriS  pateg ard@B (A + A7) is a product measure. Thus we have that
finite), and we can write a function A¢; (A7) that gives the unique — Di Diacl1 N A A 9
solution to (7) for each of these Ars. Q, = Diag[p,|Diag[1 — p(')].. ow, SUppose( U T) €
and also that they are finite (i.&\y, A7z € RY), so that
V. CONVERGENCETHEOREM py and 1 — p, have no elements which are equal to zero

. . so that the diagonal elements ©f\F are all positive. Then,
The convergence of nonlinear Gauss Seidel methods Jg- I . ,
e last four conditions forz, imply that the off-diagonal

ceived some significant attention in the numerical analystl:sOrn onents of» F are non-ositive. The other two conditions
literature during the early 1970s. Relevant referencelidec b A b :

[21], [22], and [1], from which our major result is adaptedfor 2, together with the positivity of the diagonal components

Note that here we will use the componentwise ordering, %(?d the negativity O.f the (.)ﬁ diagonal components th_en imply
) at V5F is generalized diagonally dominant, which in turns
thatx <y <= x; < y;Vi.

implies, together with its positive diagonal elements and-n
Thm. 2 (Region of Convergence for the Turbo DecodeDefine POSitive off diagonal elements, th&t,\F is an M-matrix (see
the measures q whose @ coordinates are BAy + 6o, r whose  [23] pp. 205 Theorem 6.5). This means then, that the function
¢ coordinates are BAr + 6, and p whose 6 coordinates are  [,(\, x) = (VF)x is inverse isotone with respect fofor any

B(Av + Ar). Define the set 2 C RY x RY equal to fixed A € 2, s0 thatL(A,xo) < L(A,x1) — Xo < X1.
(Av,Ar) € RY x RN |3x € R?N such thati € {1,...,N} Furthermore L(A, xo) for a fixedA € Z is also off diagonally
zip[& =1]p[§ =0] > antitone, so that, if we define thi¢h component ofL (), x)
jzitnslalé = 1al§ =1 —ql&G =1n¢& = 1] by L;(X\,x), and if we considely,x such thatx < y and
+an4ilpl& = 1]pl& = 0(}1 —q[& = 1]a[&: = 0] y; = x;, then we havel;(\,y) > L;(\, x). Differentiability
. :a?] ple = 0] > of F, and thus the theory of best affine approximations, gives
i Ti|r[&i izllr[éj 1 —rl=1n& =1]| this same property t&(\) at any point in the interior o7
Jfgﬁilb[& =1)plé; = 0] — r[& = 1]r[&; = 0]| [1]. Thus, on the interior of7, F(X) is inverse isotone and
and off-diagonally antitone.
q [é' = 11}}q[[§j = 11]] ; q[[gfi :11r?§§j :11]] VVJIL an(;zl bICO\{\;, c(gn%ider t?? func&i)on (]z/;/hich relatea " +1)
rigi = Hrie; = S risi = 1rg; =] vy # 1, an AT AF T 10 AB) = (AP AM] and whose solution
plé = 1]pl6 = 0] < g6 = 1]q 6 = 0] ,and oA i AT
pl&=1p[& =0 <r[& =1]r[& =0]} GA+D AWy — g
Consider any open set ¥ C Z. Then, given an initialization i . i
A® = AD A?) € ¢ such that the a and b defined by describes the evolution of the turbo decoder. In particular
© since the turbo decoder is a block Gauss Seidel iteration on
x = FQAY) F =0, we have
a; = min(x;,0) Vie{l,...,N} ) < (et1) )
bi = max(x;,0) Vie{l,...,N} GG A®)y PoAy A ) = pr( A7)

(k+1) §(k+1) (k+1)
are in F(¢), and the set {x|[F~(a) < x < F }(b)} C ¥ the Po(Ay ™ AT ) = Pa(Ar )

turbo decoder converges to a unique fixed point in ' To see that the turbo decoder solves this iteration, jusllrec

Proof: The outline of our proof parallels that of [1]: the_ Jacobian df and n_ote thatthe bloc_k_dla_gonal components
. ) ._which wereDiag[p,|Diag[1 — p,] are injective for any real
« The conditions forz make the Jacobian of the nonllnea(/alued Au, Az, SO that there are no zero or one bitwise

system of equations marginal probabilities. The implicit function theorem éipg

F(A = Au ) = Po — P1 to the top half ofG = 0, then gives thaing““) can be written
LA ] [ Po—P2 as a function ot\\*) and is unique for any particulaxgc), SO
(k+1 : _ ;
strictly diagonally dominant anywhere withi@. This, in  that no twoA; " "'s satisfy the top half ot = 0. Rep((e&tllr;g
turn makes the Jacobian an M-matrix [23]. this argument of the bottom half & = 0 shows that\;
« Since the Jacobian is an M-matrix everywhere within can be written as a function dfr(k + 1) and is unique for
it follows thatF is an M-function [1], [22]. that Ag‘“), which shows that it is unique giveh#. Thus,

« SinceF is an M-function everywhere 7, the Gauss We have an equation whose repeated solution describes the
Seidel block iteration ofF converges. Hence, the turbobehavior of the turbo decoder. We have

decoder converges. F ()\(k+1) )\(k))
Begin by determining the Jacobian Bfwith respect toAy G AW = PN
T Fi(Ap A )

and \r. To facilitate this, define\ = [,\5, )\5}
This form makes it easy to see that, given tihé off diagonal

UoF — [ Q Q,—Q ] antitone and inverse isotone on the interior@f G(-, x) is is
M1 Q-Q, Qo inverse isotone for a fixed, andG(y, -) is antitone for a fixed
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x (all considered in the interior o). This in turn implies
the implicit functionh, which satisfies

G(h(x),x) =0

is isotonic. To see this, considef < x;. Now, antitonicity
of G gives

while at the Groupe des Ecoles desl@communications, INT,

G(h(Xl),X()) 2 G(h(X1)7X1) = 0 = G(h(X()),Xo)
Now, inverse isotonicity ofc means then that

G(h(x0),%0) < G(h(x1),%0) = h(x0) < h(x;) (1
We now have a functiom that describes the turbo decoder
through 2]
AR+ h()\(k))

Of course, we could have written this function from the turbols]
decoder iterations when we started, but defining it this way
made it easy to see some of its properties, namely that it 4]
isotone inZ.

Now, consider some initializatioA”) in the interior of 2,  [5]
and setx = F(A(?).

a; = min(x;,0), b; = max(x;,0) Vie{l,...,N} (6]

y = F_l(a)7 Z:F_l(b) (7]

The inverse functiorF~! is guaranteed to exist within the (8]
interior of 2, becauseV,F is an M-matrix and thus non-
singular ([23] lemma 6.1 page 202). This, in turn, allows thd®9]
inverse function theorem to be applied ([19] Theorem 9.%{10]
page 221). Then we have both< 0 < b and by inverse
isotonicity of F, we havey < A0 < g, Isotonicity of h then
implies that the sequences defined by

y* ) =h(y®), 20+ = h(z®) [12]
will obey y(k) < A(k) < Z(k), y(k-‘rl) > y(k), andz(k+1D <
z(®). This shows thaty®), x® A*) all converge to fixed [13I
points. FurthermoreF is injective because it was inverse
isotone, which is because it was an M-function ([1] Theorem4]
3.2(a) page 511). The injectivity df then implies that this

fixed point must be unique . This proves the theorem. [15]

VI. CONCLUSIONS

Existing methods at analyzing the turbo decoder ha\[/e
all been limited by assumptions, for example large blodk8l
lengths or graphs without cycles, which can sometimes nog
be true in practice. Given the need for describing the turbo
decoder’s convergence behavior in these cases, in thig pdgd
we characterized the turbo decoder as the iterative salutig,.
of a system of nonlinear equations. We then were able to
recognize the form of the iterative solution as a nonlinear
block Gauss Seidel iteration. This connection allowed us
adapt existing convergence results from the numericalaizal
literature to the turbo decoder. We were then able to profA3
a theorem which gave conditions for the convergence of the
turbo decoder regardless of the block length.

11] C. Berrou, A. Glavieux, and P. Thitimajshima,

91011 Evry France.
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