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Abstract — We discuss a coding technique for
transmitting temporally ordered and/or succes-
sive refinements encoded multimedia data (such
as MPEG video) over a multi-cast network using
recently developed breakthrough network coding
techniques. Hybridizing network coding philos-
ophy with that of priority encoded transmission
and fountain codes, we provide a method which al-
lows a sink to forward to higher OSI model layers
(i.e. the source decoder lying in the application
layer) the uncoded source data in order of impor-
tance as the network coded packets arrive. This
technique avoids the delay presently incurred by
waiting for the reception of a full rank network
coding matrix before decoding the entire block
and forwarding it to higher layers.

I. INTRODUCTION AND CONTEXT

This paper investigates the problem of multicast trans-
mission of temporally ordered and/or successive refine-
ment encoded multimedia data over lossy wired and wire-
less networks. We are interested in particular in net-
works that utilize recently developed breakthrough net-
work coding techniques [1, 2, 3] to transmit at or near
the multi-cast capacity. A peculiar delay aspect of these
network coding techniques is their requirement that the
sinks (destinations) must wait until they have received
enough linearly independent packets containing different
linear combinations of the same transmitted data before
they can pass the original (uncoded) data to upper layers.
This prevents any of the transmitted data within the un-
coded block from being forwarded to higher layers until
several encoded packets have been received, rather than
as they arrive, causing extra delays in reception. Because
of the delay sensitive nature of multimedia transmission,
especially in video and teleconferencing applications, as
well as different priorities in successive refinements en-
coded multimedia data, it is desireable to pass on data
as it arrives, with the most important part of the data
within the original uncoded packet being passed on first.
This second context is also especially important when one
considers the alternative scenario that the network coded
network may time out [2, 3, 4] before a sufficient number
of packets with innovative encoding vectors have been re-
ceived. In this case, despite the fact that several/many
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useful packets have been received, as it currently stands
all of the data in these packets will have to be retrans-
mitted.

In this paper, we suggest a method allowing for the
most important part of the uncoded block of source data
to be forwarded to higher layers before all of the pack-
ets necessary for network decoding of the complete block
of source data have been received. To do this, at the
transmitter we employ a delay mitigating code, which we
construct and which we show is rate optimal in sense that
it acheives points on the boundary of an associated ca-
pacity region. This is done by treating the network coded
channel upon the reception of successive innovative pack-
ets as a degraded broadcast channel and determining the
rate region of that broadcast channel.

This approach provides a nice hybrid between 1) digi-
tal fountain codes and priority encoded transmission, the
state of the art in multimedia encoding for practical net-
works, and 2) recently developed network coding. Foun-
tain codes and priority encoded transmission codes treat
the connection between the source and sink as a packet
loss and reordering point to point channel abstraction,
the effects of which are counteracted with (near Shan-
non limit performing) erasure codes such as LDPC or
RS codes. Network coding does not treat the connection
between source and sink with a point to point abstrac-
tion, and instead re-encodes the data as it travels through
the network. The hybrid between these two philosophies
is (fittingly) achieved by exploiting a concatenation of
an (inner) network code and an (outer) multi-media era-
sure/delay mitigating code. The decoder for the concate-
nated code then allows the most important parts of the
block of source data to be passed on accurately before
all of the necessary linear combinations packets for full
decoding of the entire block have been received. In this
manner, we have provided a practical scheme for achiev-
ing a vision expressed in [5]:

If a receiver receives only a single global encoding vec-
tor, then it can recover the symbols in the most important
layer. In general, if a receiver receives global encoding
vectors with rank k, then it can recover the symbols in the
most important k layers. This is especially useful when
broadcasting audio or video data, which can be naturally
partitioned layers with different perceptual importance.

It should be pointed out, and is indeed a main point
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Figure 1: (a): The mantis channel, a slight modification
of the butterfly channel. (b): The system proposed in this
paper to mitigate delay effects in network coded channels.

of this paper, however, that one may not simply use
any PET code unmodified from the routed packet chan-
nel to the network coded channel. This subtle point is
best explained with the following statement: not all PET
codes designed for erasure/loss channels will work as de-
lay codes for network coded channels. Indeed, one must
construct a new family of codes (which is necessarily a
subfamily of the class of all capable PET codes) to sat-
isfy the new effects of packet decoding blocking and linear
combinations that were not present in simple packet re-
order and packet loss channels. Fortunately, due to the
fact that the family of delay mitigating codes to be con-
catenated with network codes form a subset of the set of
all PET codes, the suggestions in [5] that PET philosophy
applies are not too far off mark, as we presently show.

II. PROVIDED RESULTS OVERVIEW VIA ILLUSTRATIVE
EXAMPLE

To provide an overview of our results for the impatient,
we first discuss their implications within the context of
an appropriate modification of the well known butter-
fly example [1]. This modification, we which endearingly
name the mantis, and is shown in Figure 1 (a) adds an
extra destination node above the source node of the clas-
sic butterfly. This extra destination node independently
receives by and bo, which are the messages broadcasted
from the source node. Let us now endow the butterfly
example with an additional notion of packet reception
order. In particular, it is entirely unlikely that the pairs
of packets arrive at the destination nodes di,ds,ds si-
multaneously, rather at each node one packet will arrive
before another. To simplify matters assume for the time
being that each of the two orderings of packet receptions
are equally likely. Furthermore, suppose the source has
some temporal ordering and that blocking delays in the
network are unwanted. In particular, we suppose that the
source decoder that is to be run at each of the destination
nodes can not make use of the second half sy of the source
data until it has received the first half s; but can make

use of the first half s; before obtaining the second half
so. This can occur, for instance, if successive refinements
encoding techniques were used to obtain s; and ss, or if
the source encoding technique (as so many digital audio
and video formats do) retained the temporal ordering of
the original source. From the perspective of this source
decoder at each destination, in order to minimize delay,
we would like to ensure that s; is decodeable from the
first packet arrival y; and that s, is decodeable upon the
second innovative packet arrival, i.e. from yi,ys. It is
desirable that such ordered decoding occur regardless of
the ordering of packet receptions at the destinations for
every destination that we could consider.

To allow this to happen, this paper suggests the use of
a concatenated coding scheme, as shown in Figure 1 (b),
in which a delay mitigating code is incorporated at the
source, and then concatenated with the network code.
The delay mitigating code sees to it that regardless of
which destination node we consider, and regardless of the
ordering of packet arrival at that destination node, the
first source bit s; can be decoded upon receipt of the first
packet, and the second source bit s5 can be decoded upon
receipt of the second packet. Of course, the ability to de-
code the source in order comes at a cost: a decreased over-
all concatenated code rate relative to a network coded sys-
tem without the delay mitigating code. Thus, a natural
line of inquiry arises which studies the rate delay tradeoffs
allowable over all such delay mitigating codes. One way
to bound the involved rate delay tradeoffs is to treat the
effective source to destination channel (considered over all
source destination pairs) as a degraded broadcast chan-
nel formed from a linear combinations and erasures chan-
nel, in which the receivers receive both received packets
and one received packet, respectively. Averaged over all
source destination pairs, this becomes equivalent to a de-
graded broadcast channel depicted in Figure 2 in which
the first receiver gets by, bo, or by ® by with equal prob-
ability (due to our modification which added the third
destination), and the second receiver gets both by and
b,. The rate region of this degraded broadcast channel
is shown in Figure 3. In particular, we see that if we do
not require any innovative information in the second re-
ceived packet, then we can receive 1 bit of information in
the first received packet, while if we do not require any
information in the first received packet, we can receive 2
bits of information in the second received packet. If we
wish to receive equal amounts of information upon each
of the two packet arrivals (as would be desirable with a
constant bit rate source encoder — in the practical sense
of those words) then we will transmit at a concatenated
code rate of (3 +1)~! = 2/3 of the rate provided by raw
network coding.

Although block coding with arbitrarily large block
lengths is employed to prove the capacity region of
degraded broadcast channels, large length block codes
would defeat the purpose of the delay mitigating codes
above other than providing bounds, since it would re-
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Figure 2: The relevant degraded broadcast channel for
studying rate delay tradeoffs in the mantis channel. In
this abstracted broadcast channel, the two different re-
ceivers correspond to successive packet arrivals at a single
destination in the network.
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Figure 3: The delay capacity region of the network coded
mantis channel.

quire many uses of the associated broadcast channel. It
turns out that one can easily construct simple codes with
(degraded broadcast channel use) block length one that
achieve all of the rate optimal (max rate for a given delay)
points on the capacity region for the mantis. To illustrate
this fact, label the source data as s; = (si,5?) and sy =
(s3,53), with the classic butterfly example taking b; = s;
and by = so. A simple rate 2/3 delay code, by contrast,
is then by = (51, 5%, s3) and by = (52,51 ® 52, 53). A sim-
ple check verifies that sy can be easily decoded from any
of b1, bs, by ® by, while both s; and sy can be decoded
from both by and by (and thus from any of the pairs
{bl, bl D bg}, {bg, bg D bl}7 {bl, b2}) Thus, regardless
of the order that the network coded packets arrive at the
destination, and regardless of which destination we con-
sider, we are guaranteed to be able to decode the first
source symbol upon the receipt of the first packet, and
the second source symbol upon the receipt of the second
packet at any destination node. In particular, if the first
packet reception is by, then s},s? are the first two ele-
ments of the received packet. Similarly, if the first packet
reception is by, then s7 is the first element of the received
packet, and s can be determined by summing the first
two bits of the received packet. Finally, if the first rece-
vied packet is by @ by = (s @ 52,51, 83 @ 53), then s is
the second bit in the packet, and s? is the sum of the first
two bits in the packet. One can thus also verify that given
both b; and by one can determine all of s}, s%, s, s3.
Furthermore, since the point Ry = Ry = % sits on the
boundary of the capacity region associated with mantis
channel, we see that this code is also rate optimal (i.e.
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Figure 4: A degraded broadcast channel abstraction
of network coded channels used to study rate delay
tradeoffs. The different y;s correspond to the informa-
tion available to a typical destination node in the net-
work upon different successive innovative packet arrivals.
Hence, there are as many receivers as the dimension of
the global encoding vectors in the network.

has maximum overall rate) among all those which deliver
equal amounts of decodable information upon the first
and second packet receptions. One may verify [6] that
codes for the permutation channel, which would corre-
spond to delay mitigating codes for the multi-path routed
approach to the mantis channel (and thus only allows re-
ordering of the input packets) have the same rate % with
respect to uncoded packet for the two packet (multi-path
routed) transmission. Thus, we have been able to main-
tain the rate increase allowed by network coding, but
are still able to decode the received packets in order, all
through a concatenated source to destination delay miti-
gating code.

The remainder of the paper sets out to give the ar-
bitary M (dimension of the global encoding vectors) and
arbitrary network topology versions of the results just
presented for the simple mantis example.

III. INHERENT DELAY RATE TRADEOFFS IN
NETWORK CODED CHANNELS

From here on, we will consider the random formulation
of network coding, reviewed nicely in, e.g. [3], in which
innovative global encoding vectors are selected at ran-
dom as packets proceed through the network. In order
to study the rate and delay tradeoffs inherent to network
coding, we must first appreciate an abstraction of an effec-
tive point to point network coded channel as a degraded
broadcast channel. In particular, from the perspective
of a representative destination node, we can consider the
overall source to destination effect of network coding to
be a channel which randomly selects matrices with suc-
cessively growing rank. In particular, when an innova-
tive packet arrives at the receiver, its encoding vector g,
is added as a new row in the matrix Gy, € GF(q)**M
containing all of the innovative global encoding vectors

T
received thus far, i.e. Gy = {Gg_l,gﬂ . In these for-

mulations of network coding problems, no data within the
original block of data at the source may be decoded at
the destination until the encoding matrix has received a
sufficient number of rows to become invertible. Because



the global encoding vector must be transmitted along with
a coded packet, it is desirable for an encoded packet to be
very long in order to cut down on the inefficiency of car-
rying non-information bearing data. However, this effect
exascerbates the decoding delay, for it implies that in the
traditional network coding formulation we will have to
wait a very long time, indeed, receiving several lengthy
packets before we can decode even the earliest or most
important bit data from the source. Furthermore, it is
possible that the system times out before a sufficient num-
ber of innovative packets have been received. In this case,
despite the fact that we may have received several inno-
vative packets, all the data within them is wasted and
must be retransmitted under the current formulations.

The relevant question then arises: if we are to con-
sider concatenated delay-mitigating and network coding
techniques that will allow us to decode data of successive
importance as each network coded packet arrives, what
are the rate delay tradeoffs acheivable from the best pos-
sible such codes? Here, when we speak of delay, we are
not primarily concerned with packet inter-arrival times,
which are indeed studied in [3], but rather in terms of
the number of packets which must be received to de-
code elements of successive importance in the source se-
quence when utilizing a delay mitigating code between
the source coder and the network coding channel. That
is, for us, time is slotted on packet arrivals, and we con-
sider the ability to change when these packets arrive as
the domain of network coding, while the domain of the
delay mitigating code is to allow as much information to
be decoded upon each packet arrival as possible. As is
usually the case, one answer concerning the fundamen-
tal rate and delay tradeoffs can be found for the prob-
lem by appealing to (multi-terminal) information theory,
much as can be done for priority encoded transmission
over packet loss [7, 8] or packet reordering channels [6].
In particular, we formulate the network coded system as
a degraded broadcast channel, as shown in Figure 4, in
which different receivers correspond to the same desti-
nation at different time instants. Here, B is the ma-
trix of data presented to the network code (output from
the delay mitigating code). In particular, the first re-
ceiver gets the first innovative output from the channel
(ie. y1 := (g1,8,B), while the second receiver gets the
first two innovative packets ys := (g;,8:B, 85, 8,B), etc.
That this forms a degraded broadcast channel is easily
seen from the fact that the received signals at the dif-
ferent receivers are just the signals received at higher ele-
ments with positions erased. Since this broadcast channel
is degraded its capacity region is known [9], and can be
expressed using a Markov chain of dummy message ran-
dom variables according to u; — ug — ---
YM — YM—1 — - — y1 (where the dummy message
random variable uy; has taken the role of the input ma-
trix of data B to the network code). This rate region
is the closure of the convex hull of the set R of all rate
vectors R := (Ry,...,Ryr) such that Ry < Z(yp;u1),

— Uupy —

Ry < I(yg;ugjuy), ..., Ry < Z(ym;un|unp—1). Here,
each Ry is to be interpreted as the amount of new infor-
mation decodable upon the kth innovative packet arrival
for an average destination in the network.

IV. UNIFORM NETWORK CODED CHANNEL

We consider first the specific case where we can model the
source to destination channel created by network coding
as sampling the encoding matrices Gy uniformly from
the set Gy, of all encoding matrices in GF(q)**™ of rank
k (henceforth the uniform network coded channel). In
this instance, one can bound the capacity region of the
abstracted broadcast channel determining the amounts of
information decodable upon each successive packet arrival
according to the following theorem.

Theorem 1: For the uniform network coded channel

Mo
EZRiS Z

G1€G1

Here the right hand side can be bounded by in terms
of the number of elements ¢ in the finite field being uti-
lized. Note that in accord with the sugestion from [5],
the all rates equal point Ry = Ry = --- = Rj; matches
the inverse of the PET girth[8][7], despite the fact that a
channel which outputs non-full rank linear combinations
is not equivalent to an erasure channel, which is the rel-
evant channel for PET. We can prove this theorem with
the help of the following proposition

Proposition 1:

1
—H(G
|Q1|H( 1)

k-1

k 1
Z WH(Gk—luMhlk—l) >
Gr_1€Gk_1 k=1

1
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GreGk k

To prove the theorem, begin with the equations

1
Ry < I(yi;u) =H(uy) — Z ?H(u1|G1UM)
G1€Ql| 1|
1
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Gi€G; !
Furthermore, for k € {2,..., M}, we have
Ri < I(yw; ug|ug—1)
= H(uglup—1) — Z @H(UHGkuMﬂkﬂ)
Gregy k
1
= Z m (H(GkuM|uk_1) — H(Gk.uM\uk))
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Combining the proposition, this bound for k£ = 2, and the
bound on R;, we have

1
Ry < 2( > H(GluM)R1>
G.€6G: |g1‘



We may continue repeating this trick until we reach M
at which point we have the inequality

Z R<MZ|Q1

Gi1€G:

(Giun)

which is the theorem we wanted to prove.

To prove the proposition note that we can simply re-
move any of the k rows from a Gy € Gy to get a valid
Gj_1 € Gi_1. Furthermore, doing this for each row in ev-
ery Gy € Gy, repeats the same Gy k(¢ —¢*~!) times.
Thus,

kD

GreGy

k
1
|gk< Z ZH(Gk’iuM|Gk,\iuM7uk_1)
Gregy i=1

k(g™ —¢* 1)

H(Grup|ug—1) =

IQI
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where Gy \; is the matrix formed by removing the ith row
of G, and Gy, ; is the ith row. Furthermore because there
are ¢! vectors in the span of Gj_; and ¢™ possible M-
vectors, and a new row to be added to Gi_; forms a
valid Gy if it is not in the span of Gg_1, we know that

|g|ff|1\ =¢M — ¢!, so we have
k3D g M Gkuuu) =
ergk
1
1Gx| Z ZH(GkaiuM|Gk,\iuM7uk71)
Gregy i=1
1
boo . 2 THGk-runui-)
k-l Gr-1€Gk-1

But this then shows via substitution that

1
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‘gk_ll Gr_1€Gk_1
1
~(k=1) Y mH(G.kumuk_l) =
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k
1
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1=1
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which verifies the proposition.

We suggest that the bound we have provided is tight
by suggesting a construction for capacity achieving de-
lay mitigating codes in Section VI, but first we discuss a
method for bounding the general network coded channel
capacity region.

V. GENERAL NETWORK CODED CHANNEL DELAY
CAPACITY REGION: ENTROPY VECTORS

Of course, even when an algorithm such as the one dis-
cussed in [3] is used to select innovative global encod-
ing vectors randomly, the overall point to point channel
(stochastically averaged over destinations) brought about
by a multicast network code need not select the full rank
encoding matrices uniformly over all such full rank en-
coding matrices. Indeed, Gy could be selected according
to some other distribution pi(Gyg) on Gi. In this case,
to bound the rate region, which as before describes the
amount of information decodable upon successive packet
arival instants, we can use a trick similar to bound the
rate region of the network code in [10] which, by contrast,
described the region of rates simulataneously acheivable
to different receivers in a multicast connection. In par-
ticular, we first rewrite the delay rate region as

R1 S Z pl(G1) (H(GluM) —H(GluM|u1)),...
G1€G:1

R < Y pe(Gy) (H(Grun|ug—1) — H(Grulug))
Gr€eGk
o By < H(upup—1)

At this point the rate region is totally expressed in terms
of conditional or joint entropies among dummy message
random variables uy, ..., uy;. We can collect all 2 joint
entropies among these random variables into a vector h
called the entropy function[11, 12]. The set of all possible
such h (over all possible discrete dummy message random
variables) is then denoted by T'. Furthermore, the condi-
tional indepence relationships set up by the Markov re-
quirement among the dummy message random variables
and the Shannon information inequalities specify linear
equalities on h. We can use these information inequal-
ities [11, 12] to analyze this delay rate capacity region
as the network coding capacity region was analyzed in
[10]. In fact, since we have given our capacity region as
a linear map on h, one can use the characterization of
T from [11, 12] to bound our capacity region using a se-
ries of linear programs, much as in [10]. Thus, the reader
wishing to provide drawings for a particular non-uniform
network coded rate v.s. delay region may do so using the
given description of the rate region above and the linear
program capacity region bounding technique from [10].

Now that we have bounded the amounts of successive
information we can decode at successive packet arrivals,
we would like to show that our bounds are tight by pro-
viding codes which achieve them.

VI. CAPACITY ACHEIVING DELAY MITIGATING
CODES: UNIFORM PERMUTATION CHANNEL CASE

We presently wish to demonstrate that we can construct
linear block delay mitigating codes which acheive the all
rates equal (i.e. Ry = Ry = --- = Ry = H(M)~! with
H(M) proportional to the Mth partial sum of the har-
monic series) extremal point of the capacity region. The
excellent recent related work [13] shows that the codes
discussed are Rank-metric codes, and provides a explicit



construction employing Gabidulin codes, which are the
analogs of hamming metric based RS codes in the rank
metric, and have efficient decoders. Here, due to space
constraints, we only discuss the properties of linear codes
that will achieve capacity in the language of a partial
construction.

In particular, let a rational number representation of
this rate H(M)~! be £ with N being a desired packet
block length for network coding, and L a positive integer
multiple of M!. Let the block of source encoded data
be arranged in successive temporal or importance order
as s 1= [81,82,...,83]7 with each source packet being of
length L. The output of the delay code is a M x N matrix
B, which is the matrix input to the network code. Let
the ith row of B be denoted by b;. Break this row up into

M parts, b; = [b}, . bE L ,bﬂ with the kth part b¥
symbols of GF(q) for k € {1,...,M}.

Our code constructs bf using a linear mapping of sg,
so that bf = s;P;x here P;j € GF(q)LX%. The
code construction selects {P;;} such that the matrix
Ty € GF(q)L*L formed from concatenating any k lin-

early independent M dimensional linear combinations of
{Pixli € {1,... M}}, ie.

M M ]
D ciPikl- [ Y APyl
=1 =1

is an invertible (i.e. full rank) matrix.

Finally, we note that the field size ¢ for the delay mit-
igating code, which need not exactly match the field size
for the network code, must be selected to be large enough
so that such a set of generator matrices {P; 1 }s exist.

Although the codes just constructed to achieve capac-
ity of this rate region are different for the permutation
and network coded channels, the bounded rate region we
have obtained above is the same as for the permutation
channel. Thus, one may use the rate delay tradeoff calcu-
lus derived for the permutation channel in [6] to study the
relationship between the overall rate of the code and the
cumulative delay that a constant bit rate source decoder
would experience.

: L
being of length #

M

k
E c;Pik
=1

VII. DECODING AND RATE OPTIMALITY

To see how easily decodeable such a code is, simply note
that ¢} can be taken to be the j, ith element of the encod-
ing matrix Gy that generates the first through kth inno-
vative recieved packets at a given destination. One then
only needs to break the part of y; not including the global

encoding vectors, which is of dimesion GF (¢)**V, up into
vt

y}cIWIYiI---
with the part y7, havmg dimension k x . Source si can
then be decoded from yk by multlplymg by the inverse
of Ty, ie. s = yka Thus, the code we have spec-

ified is rate optimal (by construction), and satisifies the
requirement that si,...,s; must be decodable from the

subsets of its columns, ie. yp =

first k£ innovative received packets at any destination in
the network.

VIII. CONCLUSIONS AND FUTURE WORK

In order to remove the need to wait until enough inno-
vative packets have been received for the encoding ma-
trix to be invertible, this paper has suggested the use
of an outer concatenated code to mitigate delay. We
have shown limits on the amount of information decod-
able upon each successive packet arrival at a receiver in a
network coded network when using such a delay mitigat-
ing code. We have provided an explicit construction of
a rate optimal code for mantis channel. [13] provides an
efficient construction of the rate optimal codes for other
uniform channels. Future work will explore delay coding
for non-uniform network coding channels, as well as in-
corporate inter packet arrival statistics into the analysis
and code design.
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