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Abstract

Collaborative Estimation in Networks

Sivagnanasundaram Ramanan
Advisor: John MacLaren Walsh, PhD

Consider a network of nodes that are deployed to monitor a common phenomenon.
In many cases, the network nodes need to estimate the common phenomenon from
“noisy” observations they make. Although each node can independently obtain the
estimate from its own observations, it can obtain a better estimate by communicating
with the other nodes and by exploiting the interdependence between the observations
at different nodes in estimation. In this dissertation, we study such a collaborative
estimation problem in which a network of nodes, each indirectly observing an under-
lying source through “noisy” measurements, communicate with each other in order
to form better estimates of the underlying source.

Two primary constraints, complexity and communication, should be taken into ac-
count in the design of collaborative estimation algorithms. Although it is preferrable
to have both low complexity and low communication, the limits on the estimation
error performance can be studied by relaxing either or both of these constraints. In
particular, signal processing and machine learning based approaches tend to focus
on developing low complexity collaborative estimation algorithms with less strict at-
tention to communication, while information theory focusses on characterizing the
fundamental tradeoff between communication rate and estimate performance, with
less attention to complexity. Reconciling complexity with communications, modern
practical coding theory can aid the design of collaborative estimation algorithms with
low-complexity and low-communication.

In this dissertation, we apply tools from aforementioned areas of study to develop
collaborative estimation algorithms with low-complexity, low-communication and low-

complexity /low-communication, and evaluate the estimation error performances.






1. Introduction

In networks there often arises a scenario in which network nodes must estimate a
common source from the noisy observations they made about the source. Each node
can formulate the Bayesian estimation problem independently using its own observa-
tions and obtain the estimate of the source. However, because these obervations are
about the same source, they are statistically dependent across different nodes and
this dependence structure can be exploited to obtain better estimates. For exam-
ple, Fig. 1.1 shows a network of sensor nodes deployed to monitor a forest fire by
measuring carbon monoxide. The carbon monoxide measurements at different nodes
are statistically dependent on each other and the source’s location, because they are
generated from the same source. Thus, the nodes can collaborate with each other to
obtain better estimates of carbon monoxide level and source position, and take action
accordingly.

In this dissertation, we study such a collaborative estimation problem in which

Local observation
s ./

Figure 1.1: An example of collaborative estimation problem.



a network of nodes, each indirectly observing an underlying source through “noisy”
measurements, communicate with each other in order to form better estimates of
the underlying source. This type of scenario often arises in wireless sensor networks
(WSN) [1] where a network of sensor nodes are deployed to monitor a common phe-
nomenon. These sensor nodes are composed of 4 main units: sensor, power supply,
processor and transceiver [1]. Power consumption is an important concern in wireless
sensor networks, often because they are deployed in inaccessible terrains which forbids
frequent replenishment of the power supply.

Keeping this in mind, two primary constraints, complexity and communication,
should be taken into account in the design of collaborative estimation algorithms.
This is because the power used for transmission and computation amounts to a sig-
nificant portion of the power consumption at the nodes. Indeed, the number of
computations and the number of messages exchanged between the nodes during the
collaborative estimation directly influence the network lifetime. Also, the collabora-
tive estimation algorithms are implemented on small processors at the nodes which
are generally not very powerful. Thus, ideally a collaborative estimation algorithm
that is applied in practice should have low implementation complexity and low in-
formation exchange between the nodes. However, we can study the limits on the
estimation error performance by relaxing either or both of these constraints.

As shown in Table 1.1, the joint Bayesian estimation [2] provides a collaborative
estimation algorithm which yields the best estimation error performance among all
algorithms. Let T be a source and Y, ..., Yy, be the observations of the source at M

different nodes. Then, the joint Bayesian estimate T is given by

A~

T —arg win [ T 0] Pl o) de (1.1)
T(ylv“'vyM)

where C[t, T] is Bayesian cost function which is discussed in more detail in Section



Table 1.1: Different areas of study from which tools can be applied to study collabo-
rative estimation

Communication

Low High

Low Modern Practical Signal Processing &

. Coding Theory Machine Learning
Complexity

High | Information Theory & Joint Bayesian

Coding Estimation

2.1.1. This algorithm does not take into account the complexity and communication.
Indeed, it requires the pooling of the available data, followed by an intractable expec-
tation and minimization. Signal processing and machine learning based approaches
tend to focus on developing low complexity collaborative estimation algorithms with
less strict attention to communication. Conversely, the discipline of information the-
ory, as applied to collaborative estimation, focusses on characterizing the fundamental
tradeoff between communication rate and estimate performance, with less attention
to complexity. Reconciling complexity with communications, by borrowing tools from
both information theory and machine learning, modern practical coding theory can
aid the design of collaborative estimation algorithms with low-complexity and low-
communication.

In this dissertation, we study collaborative estimation problem applying tools from

aforementioned areas of study and develop algorithms with the following properties.
1. Low-complexity algorithms

2. Low-communication algorithms



3. Low-complexity and Low-communication algorithms

Low-Complexity Algorithms

The tools from signal processing and machine learning have been extensively used
to develop low complexity collaborative estimation algorithms in the literature. In
many cases, a closed form expression for the joint Bayesian estimate in (1.1) is not
obtainable, because it requires expectation with respect to the joint distribution of
source and observations which is in many cases analytically complex and intractable.
The complexity of obtaining joint Bayesian estimates can be reduced by either re-
stricting the estimate to be linear or applying approximate inference techniques from
machine learning to approximate the intractable distributions with tractable distri-
butions [3]. These techniques can provide low complexity algorithms that can be used
to obtain an approximation to the joint Bayesian estimate. These algorithms often
require exchange of messages only between the neighboring nodes unlike the joint
Bayesian estimation which requires pooling of all data at one place.

Stochastic gradient algorithms from adaptive filter theory represent one class of
such algorithms which can be applied to obtain low complexity linear minimum
mean-square error (LMMSE) estimates. These algorithms can be adapted to per-
form distributed estimation in networks as LMS/RLS algorithms were adapted to
derive Diffusion LMS/RLS based distributed estimation algorithms in [4, 5]. Con-
sensus propagation based distributed estimation algorithms have also drawn much
attention in recent years [6, 7, 8]. These algorithms aim to obtain global estimates of
random/unknown parameters at each node from the observations by allowing commu-
nications only between the neighboring nodes. One problem with these algorithms is
that under some formulations, the number of messages need to be exchanged between

the nodes increases as the number of obervations increases.



We propose a low complexity collaborative estimation algorithm based on an
approximate inference technique, Expectation Propagation (EP) [9, 3], for which the
number of messages exchanged does not increase with the number of observations
made. In particular, we derive a collaborative estimation algorithm based on EP
which can be used for collaborative estimation of channel gains in a wireless sensor
network. We show by simulations that our algorithm performs better than some other

collaborative estimation algorithms including the diffusion LMS algorithm.

Low-Communication Algorithms

Theoretical bounds on the achievable tradeoffs between communication rates and
estimation error performances can be studied by employing techniques from the rate-
distortion theory [10]. In point-to-point rate-distortion theory, the encoder encodes
the source as a rate constrained description and the decoder decodes the description
such that expected distortion between the source and reconstruction is minimized.
The distortion measure in the lossy source coding is analogous to the Bayesian cost
in the estimation theory, as both measure the quality of the reconstruction or es-
timate. Rate distortion theory exhaustively characterizes the rates at the encoders
and distortions (estimation error) achievable at the decoders. Lossy source coding
is called direct source coding or remote source coding depending on whether the en-
coder observes the source directly or indirectly. As each encoder participating in
our collaborative estimation algorithm only makes indirect observations of the source
through “noisy” measurements, our collaborative estimation problem is a complex
remote source coding problem.

Dobrushin and Tsybakov [11] first studied the remote source coding problem in
the point-to-point context. A simple extension to the point-to-point remote source

coding is to include a side information at the decoder [12, 13]. The real challenge



of the remote source coding problems lies in the network context. Many people
have studied different remote source coding problems in the network context. One
important class of problems is studied under the name of the CEO problem [14, 15, 16]
where the central estimation officer (CEQO) estimates an underlying source from the
messages it received from his agents which encode their messages based on the indirect
observations of the source. The complete rate distortion region for the CEO problem
is known only for the quadratic Gaussian case which was independently proved by
Oohama [17] and Prabhakaran et al. [18]. Another important class of problems
is called the Multiple Descriptions problem [19, 20] and the successive refinement
problem [21, 22, 23] where the encoder encodes multiple descriptions of the source to
the decoders and the decoders reproduce the source with different fidelity depending
on the subset of the descriptions they received.

Most of the literature studies distributed estimation problem when there is only
one node either on encoder side or decoder side. However, there will be several
encoders and several decoders in a collaborative estimation problem. Thus, we pro-
pose a suitable source code architecture for the collaborative estimation problem and
study the rates and distortions achievable at the nodes by hybridizing the techniques
from the CEO and multiple descriptions problems. We show that our achievable rate
distortion region simplifies to the known bounds for some simpler problems in the

literature.

Low-Complexity /Low-Communication Algorithms

The development of low-complexity and low-communication collaborative estima-
tion algorithms via practical source codes emerged as a new area of study about
a decade ago and is still arguably in its infancy. Modern practical coding theory

borrows ideas from machine learning and coding theory to design such collaborative



estimation algorithms.

The design of practical codes started drawing interest of the researchers after
the codes were designed for the binary Slepian-Wolf problem in the lossless coding
context [24]. These codes were designed either by puncturing the Turbo codes or
by sending syndromes of the LDPC codes [25, 26]. Following these techniques, codes
were designed for the Wyner-Ziv problem in the lossy coding context for both discrete
and continuous sources. The codes for continuous sources were designed by quantizing
the source with sophisticated quantizers and then compressing the source with LDPC
or Turbo codes [27, 28, 29]. Later, codes for multiterminal source coding problem and
the CEO problem were designed by applying the Wyner-Ziv coding successively where
at each stage previously decoded messages were used as side information [30, 31].

The practical multi-terminal code and decoder design literature for distributed
estimation has thus far been focussed on non-interactive communication. In this dis-
sertation, we design practical codes for a multiround collaborative estimation problem
in which multiple successively refinable messages are broadcast at each round. We
apply successively refinable trellis coded quantization (SR-TCQ) to quantize a contin-
uous source and compress the quantized source using syndromes of the LDPC codes.
The adaptation of the SR-TCQ and LDPC codes to this multiterminal multiround
context allows for efficient low communication collaborative estimation, and belief
propagation decoders allow for the effective use of side information while maintaining

low complexity.

Notation

We will be using the following notations throughout the dissertation.

1. We denote the set {1,..., M} as [M] for any natural number M. Also, [M]\ i

will denote the set [M] with the element ¢ removed.



2. For some set A, 24 will be the power set of subsets from A.

3. We use capital letters for random variables and small letters for realizations.

We use superscripts for time indices and subscripts for node indices.

4. For a sequence of random variables X™ n € [N], we define X as X :=

(XD XM X as X = XM X™] and Xm0l as XImnl = [ X0 X (W],

5. For any set of subscript indices K = {ki,...,kr}, the vector (Fg,,..., Fg,) is

denoted with F.

6. For a set of length N i.i.d. sequences Xi,..., X, the set of jointly strongly

typical sequences [10] is denoted as A (X[).
7. The notation X < Y « Z means that X, Y, Z form a Markov chain.

The rest of the dissertation is organized as follows. Chapter 2 provides some
background that is necessary to develop algorithms in this dissertation. This in-
cludes Bayesian inference and estimation theory, lossy source coding theory, and
quantization and compression. In Chapter 3, we develop a low-complexity algorithm
for joint channel estimation in a wireless sensor network and compare its perfor-
mance with another network estimation algorithm, diffusion LMS. In Chapter 4, we
propose a communication protocol for a general collaborative estimation algorithm
and study rate-estimation error performance of low-communication algorithms. We
prove inner and outer bounds to the rate distortion region and show our inner bound
simplifies to the known bounds for some simpler problems. In Chapter 5, we pro-
pose a communication protocol for multiround collaborative estimation and design
a low-complexity /low-communication algorithm for this problem. We simulate our
low-complexity /low-communication algorithm and compare the performance with the

theoretical bounds that we derive.



2. Background

In this chapter, we provide the background that is necessary to read this disser-
tation. As discussed in Chapter 1, we apply tools from signal processing & machine
learning, information theory and modern practical coding theory to study collabo-
rative estimation problem. In particular, we apply tools from statistical inference
and estimation, source coding theory, and practical coding theory. We provide back-
ground in this chapter for each of these areas of study. We begin our discussion with

inference and estimation theory.

2.1 Statistical inference and Estimation Theory

We apply inference and estimation theory to develop a low-complexity collabora-
tive estimation algorithm in Chapter 3. In particular, we apply Bayesian estimation

techniques to estimate parameters as we explain presently [3].

2.1.1 Parameter Estimation

Parameter estimation deals with estimating a parameter using some data that
depends on the parameter. Depending on whether the parameter to be estimated
is nonrandom (unknown) or random, the estimation is called nonrandom parameter

estimation or random parameter estimation [2].

Nonrandom Parameter Estimation
Let 6 be an unknown (nonrandom) parameter and X be a set of variables. Suppose

that the conditional distribution of X given 0 is

pX;G(a:; 9)
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The goal in nonrandom parameter estimation is to find the estimate © of # from
the realizations @ of X. Mazximum Likelihood estimation (MLE) is a widely used
technique in unknown parameter estimation which finds the estimate ©(z) by finding

the value 6 that maximizes the likelihood of @ [2].

O(x) € arg erélg({g) px.o(x;0) (2.1)

where ®(6) is the feasible set of parameters §. MLE can also be used for the es-
timation of random parameters with unknown prior distribution. When the prior
distribution of the random parameter to be estimated is known, random parameter

estimation techniques can be used to estimate the parameter.

Random Parameter Estimation
Let © be a continuous random parameter and X be a set of variables. Suppose that
pe(f) is the prior distribution of © and px|e(x|f) be the conditional distribution of
X given O.

The Bayesian estimation technique finds the estimate O of O from the realizations

x of X such that the expected value of a cost function C(0,O(x)) is minimized [2].

~

6() = sz min / C(0,6(2)) porx (0]z) db (2.2)

A commonly used cost function is the squared error function.

We use this cost function is Chapter 3 and the resulting estimate is called Minimum
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Mean Squared Error (MMSE) estimate.

~

O(z)umse = arg gl(lag E[(© - O(z))’]

= /8 po|x (0]x) do (2.3)

Thus, the computation of MMSE estimate requires the posterior distribution of the

random parameter which can be inferred from the data x.

2.1.2 Belief Propagation

In many cases, @ is a vector, and only the marginal posterior distributions p(6;|x)
need to be computed. This occurs in instances of cost functions which are separa-
ble, which include the MMSE case in (2.3). Belief propagation (BP) [3, 32] is an
approximate Bayesian inference technique which can be applied to compute marginal
posterior distributions from a multiplicative factoring of the joint distribution of the
data and the parameters.

Belief propagation can be described using the sum-product algorithm on factor

graphs [33].

Factor Graph

A factor graph is a bipartite graph which can be used to represent factorization
of functions. A factor graph has two set of vertices: variable nodes and factor nodes.
The variable nodes represent the variables of the function and the factor nodes repre-
sent the factors of the function. A variable node is connected to a factor node only if
the factor is a function of that variable. For example, the factor graph in Fig. 2.1 rep-
resents the function g(z1, 2, x3, 4, ¥5) = f1(21) f2(22) f3(21, B2, T3) fa(3, 4) f5(73, T5)

where the variables {x;}?_, are represented by the variable (circle) nodes and the fac-
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fy f, fs fs fs5

Figure 2.1: The factor graph represents the function g(z1, xe, 3, 24, x5).

tors {f;}?_, are represented by the factor (square) nodes.

Now we return to the discussion of BP. Suppose that a joint distribution p(xy, ..., zx)

factorizes as follows.

p(x1,... aN) = H fr(r) (2.4)

where @), C {z,...,2x}. BP iteratively passes messages between the variable and
factor nodes to compute the marginals at the variable nodes. The message from

variable node z; to factor node f; is computed as follows.

Nemp@) = I (@) (2:5)

FreN (@)\ f;

where N (z;) is the set of neighbors of z; in the factor graph. The message from factor

node f; to variable node z; is computed as follows.

proa(m) = Y film) ] Awes (@) (2.6)

N(fi)\wi RN (f;)\zi
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where N(f;) is the set of neighbors of f; and x; := {x, : n € N(f;)}. After certain

number of iterations, the marginal at variable node z; is computed as follows.

ple) = [ #pemm (@) (2.7)

TREN ()

These approximate marginals converge to the true marginals when the facor graph
is cycle free. When the factor graph has cycles, BP gives an approximate solution to

the true marginal.

2.1.3 Expectation Propagation

For many probabilistic models of interest, working with the true posterior dis-
tribution is intractable. In such situations, the true posterior distribution must be
approximated with a tractable probability distribution such that the approximate
distribution is as close as possible to the true distribution. Expectation propagation
[34, 9, 3] is an approximate inference algorithm which approximates an intractable
true posterior distribution having the form of product of factors with an exponential
family distribution by minimizing the Kullback-Leibler divergence between the two
distributions.

To mathematically describe expectation propagation, let D be data and @ be latent
variables. Suppose that the posterior distribution of the latent variables given the
data is p(@|D) and that it is an intractable distribution. Now we want to approximate

this distribution with an exponential family distribution ¢(€) of the form

q(6) = h(8)g(\) exp{u(@)A"} (2.8)

where A are called the natural parameters. Once the exponential family (determined
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by ©(0)) is decided, the goal is to determine A that minimizes K L(p||q) [3].

KLl = [ o (A5E)) do

=~ I(g(N) ~ X'y [u(8)] + v(6) (2.9)

where v(0) is some function of 6. Taking the partial derivatives with respect to A

and equating it to 0 we get

—Valn(g(X)) = Epepp) [u(0)]

But for exponential family distributions, we have —VxIn(g(X)) = Eqe)[u(0)] [3].
Thus,

Eq0)[u(0)] = Epop)[u(0)] (2.10)

This is equivalent to finding ¢(€) which has the same expected sufficient statistics as
p(8|D). However, since p(0|D) is intractable, it is not possible to find the approximate
distribution directly.

Expectation propagation utilizes factors of the original distribution to approxi-
mate the distribution. Suppose that the posterior distribution of @ given D factorizes

as follows.

p(0|D) = ]ﬁ Hfi<91'> (2.11)

where 8; C 6. Here, f;(0;) can be a function of both 6; and data D, however since we
are interested in the parameters only we denote it as a function of 6; only. Suppose
that this posterior distribution is intractable and let ¢(€) be another distribution such

that

06) = 7 176 212
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where T' is the normalization constant. EP approximates the posterior distribution
p(0|D) with distribution ¢(8) by restricting the factors f;(8) to be exponential family
distributions and minimizing the KL divergence between the distributions in the
reverse form, i.e. K L(p|q). Rather than trying to approximate it in one step, EP
tries to approximate each factor in turn. In particular, EP first intializes each factor
in ¢(@) to 1. Then, it selects a factor to approximate, removes the factor from ¢(0),
includes the original factor and finds the approximate distribution in the selected
family that minimizes KL divergence. To mathematically describe it, say we want to

refine the factor f;(8;). EP first removes the factor f;(6;) from ¢(8)

It then includes the original factor f;(@) and computes the distribution by normaliz-
ing.

1 \

ijj(ej)q (0)
where

1; :/fj(ej)q\j(e)de

It then finds ¢j“*(6;) that minimizes

KL (Tijfj(%)q\j(e) H q;‘e“’(ej)q\j(e)) (2.13)

In this fashion, each factor is refined in turn and the approximation is continued for
several times. The approximate distribution is given by ¢"**(8).
We will next see that when a fully factorized distribution is used for the ap-

proximate distribution, EP boils down to belief propagation (BP). We will use this
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property of EP in Chapter 3. Now let

a(0) = HH Fir (61) (2.14)

If we want to refine the factor fj¢(6;), we remove the factor f;(6;) from ¢(@).
) 1 A
q\J(O) -7 HHfik(ek)
i#j k

Then we multiply by the original factor
qV(0)/;(6;)

and take the marginal. The refined factor will be

fie0o) o< > [O) T FinBe) (2.15)

0,€6;, ke i£] kAl

This is exactly the message from a factor node to a variable node in belief propagation.

2.2 Source Coding Theory

Information theory provides theoretical bounds to two important classes of prob-
lems in communications: source coding and channel coding [10]. Information theoretic
bounds for source coding provide bounds on the number of bits required to represent
a source. If the source is compressed such that it can be reconstructed with an error
ocurring with arbitrarily low probability it is called lossless compression, otherwise it
is called lossy compression. We apply tools from lossy source coding theory (rate dis-
tortion theory) to characterize the region of rates and estimation error performances

in Chapter 4.
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Let XM, ..., X be a sequence of random variables independent and identically
distributed according to P(z). The rate distortion theory studies the problem of
representing the sequence such that it can be reconstructed with certain amount of
error (distortion). In this section, we first define some of the terms that we use in
Chapter 4 and discuss some of the important distributed source coding problems in

the literature.

2.2.1 Definitions

Entropy
Entropy is a measure of uncertainty in a random variable. Let X be a discrete random

variable which takes values = from X and P(x) be its probability mass function. Then,

the entropy H(X) of X is defined as

H(X)=~) P(z) logy{P(x)} (2.16)

reX

When the base of the logarithm is 2, entropy is measured in “bits” and when natural
logarithm is used it is measured in “nats”.

Differential Entropy

When random variable X is continuous, the entropy is called differential entropy and

it is defined as

h(X) = / p() logy{p(z)} du (2.17)

where p(z) is the probability density function of z. Note that the differential entropy
is denoted by h(X) to differentiate it from the entropy H(X) of a discrete random

variable.

Joint Entropy
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The joint entropy H(X,Y") of two d