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Abstract
Collaborative Estimation in Networks

Sivagnanasundaram Ramanan

Advisor: John MacLaren Walsh, PhD

Consider a network of nodes that are deployed to monitor a common phenomenon.

In many cases, the network nodes need to estimate the common phenomenon from

“noisy” observations they make. Although each node can independently obtain the

estimate from its own observations, it can obtain a better estimate by communicating

with the other nodes and by exploiting the interdependence between the observations

at different nodes in estimation. In this dissertation, we study such a collaborative

estimation problem in which a network of nodes, each indirectly observing an under-

lying source through “noisy” measurements, communicate with each other in order

to form better estimates of the underlying source.

Two primary constraints, complexity and communication, should be taken into ac-

count in the design of collaborative estimation algorithms. Although it is preferrable

to have both low complexity and low communication, the limits on the estimation

error performance can be studied by relaxing either or both of these constraints. In

particular, signal processing and machine learning based approaches tend to focus

on developing low complexity collaborative estimation algorithms with less strict at-

tention to communication, while information theory focusses on characterizing the

fundamental tradeoff between communication rate and estimate performance, with

less attention to complexity. Reconciling complexity with communications, modern

practical coding theory can aid the design of collaborative estimation algorithms with

low-complexity and low-communication.

In this dissertation, we apply tools from aforementioned areas of study to develop

collaborative estimation algorithms with low-complexity, low-communication and low-

complexity/low-communication, and evaluate the estimation error performances.
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1. Introduction

In networks there often arises a scenario in which network nodes must estimate a

common source from the noisy observations they made about the source. Each node

can formulate the Bayesian estimation problem independently using its own observa-

tions and obtain the estimate of the source. However, because these obervations are

about the same source, they are statistically dependent across different nodes and

this dependence structure can be exploited to obtain better estimates. For exam-

ple, Fig. 1.1 shows a network of sensor nodes deployed to monitor a forest fire by

measuring carbon monoxide. The carbon monoxide measurements at different nodes

are statistically dependent on each other and the source’s location, because they are

generated from the same source. Thus, the nodes can collaborate with each other to

obtain better estimates of carbon monoxide level and source position, and take action

accordingly.

In this dissertation, we study such a collaborative estimation problem in which

Local observation

Sensor node

Source
T

Y1

Y2

Y3

Y4 Y5

Y6Y7

Y8

Figure 1.1: An example of collaborative estimation problem.
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a network of nodes, each indirectly observing an underlying source through “noisy”

measurements, communicate with each other in order to form better estimates of

the underlying source. This type of scenario often arises in wireless sensor networks

(WSN) [1] where a network of sensor nodes are deployed to monitor a common phe-

nomenon. These sensor nodes are composed of 4 main units: sensor, power supply,

processor and transceiver [1]. Power consumption is an important concern in wireless

sensor networks, often because they are deployed in inaccessible terrains which forbids

frequent replenishment of the power supply.

Keeping this in mind, two primary constraints, complexity and communication,

should be taken into account in the design of collaborative estimation algorithms.

This is because the power used for transmission and computation amounts to a sig-

nificant portion of the power consumption at the nodes. Indeed, the number of

computations and the number of messages exchanged between the nodes during the

collaborative estimation directly influence the network lifetime. Also, the collabora-

tive estimation algorithms are implemented on small processors at the nodes which

are generally not very powerful. Thus, ideally a collaborative estimation algorithm

that is applied in practice should have low implementation complexity and low in-

formation exchange between the nodes. However, we can study the limits on the

estimation error performance by relaxing either or both of these constraints.

As shown in Table 1.1, the joint Bayesian estimation [2] provides a collaborative

estimation algorithm which yields the best estimation error performance among all

algorithms. Let T be a source and Y1, . . . , YM be the observations of the source at M

different nodes. Then, the joint Bayesian estimate T̂ is given by

T̂ = arg min
T̃ (y1,...,yM )

∫
C[t, T̃ (y1, . . . , yM)] p(t|y1, . . . , yM) dt (1.1)

where C[t, T̃ ] is Bayesian cost function which is discussed in more detail in Section
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Table 1.1: Different areas of study from which tools can be applied to study collabo-
rative estimation

Communication

Low High

Complexity

Low Modern Practical Signal Processing &

Coding Theory Machine Learning

High Information Theory & Joint Bayesian

Coding Estimation

2.1.1. This algorithm does not take into account the complexity and communication.

Indeed, it requires the pooling of the available data, followed by an intractable expec-

tation and minimization. Signal processing and machine learning based approaches

tend to focus on developing low complexity collaborative estimation algorithms with

less strict attention to communication. Conversely, the discipline of information the-

ory, as applied to collaborative estimation, focusses on characterizing the fundamental

tradeoff between communication rate and estimate performance, with less attention

to complexity. Reconciling complexity with communications, by borrowing tools from

both information theory and machine learning, modern practical coding theory can

aid the design of collaborative estimation algorithms with low-complexity and low-

communication.

In this dissertation, we study collaborative estimation problem applying tools from

aforementioned areas of study and develop algorithms with the following properties.

1. Low-complexity algorithms

2. Low-communication algorithms
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3. Low-complexity and Low-communication algorithms

Low-Complexity Algorithms

The tools from signal processing and machine learning have been extensively used

to develop low complexity collaborative estimation algorithms in the literature. In

many cases, a closed form expression for the joint Bayesian estimate in (1.1) is not

obtainable, because it requires expectation with respect to the joint distribution of

source and observations which is in many cases analytically complex and intractable.

The complexity of obtaining joint Bayesian estimates can be reduced by either re-

stricting the estimate to be linear or applying approximate inference techniques from

machine learning to approximate the intractable distributions with tractable distri-

butions [3]. These techniques can provide low complexity algorithms that can be used

to obtain an approximation to the joint Bayesian estimate. These algorithms often

require exchange of messages only between the neighboring nodes unlike the joint

Bayesian estimation which requires pooling of all data at one place.

Stochastic gradient algorithms from adaptive filter theory represent one class of

such algorithms which can be applied to obtain low complexity linear minimum

mean-square error (LMMSE) estimates. These algorithms can be adapted to per-

form distributed estimation in networks as LMS/RLS algorithms were adapted to

derive Diffusion LMS/RLS based distributed estimation algorithms in [4, 5]. Con-

sensus propagation based distributed estimation algorithms have also drawn much

attention in recent years [6, 7, 8]. These algorithms aim to obtain global estimates of

random/unknown parameters at each node from the observations by allowing commu-

nications only between the neighboring nodes. One problem with these algorithms is

that under some formulations, the number of messages need to be exchanged between

the nodes increases as the number of obervations increases.
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We propose a low complexity collaborative estimation algorithm based on an

approximate inference technique, Expectation Propagation (EP) [9, 3], for which the

number of messages exchanged does not increase with the number of observations

made. In particular, we derive a collaborative estimation algorithm based on EP

which can be used for collaborative estimation of channel gains in a wireless sensor

network. We show by simulations that our algorithm performs better than some other

collaborative estimation algorithms including the diffusion LMS algorithm.

Low-Communication Algorithms

Theoretical bounds on the achievable tradeoffs between communication rates and

estimation error performances can be studied by employing techniques from the rate-

distortion theory [10]. In point-to-point rate-distortion theory, the encoder encodes

the source as a rate constrained description and the decoder decodes the description

such that expected distortion between the source and reconstruction is minimized.

The distortion measure in the lossy source coding is analogous to the Bayesian cost

in the estimation theory, as both measure the quality of the reconstruction or es-

timate. Rate distortion theory exhaustively characterizes the rates at the encoders

and distortions (estimation error) achievable at the decoders. Lossy source coding

is called direct source coding or remote source coding depending on whether the en-

coder observes the source directly or indirectly. As each encoder participating in

our collaborative estimation algorithm only makes indirect observations of the source

through “noisy” measurements, our collaborative estimation problem is a complex

remote source coding problem.

Dobrushin and Tsybakov [11] first studied the remote source coding problem in

the point-to-point context. A simple extension to the point-to-point remote source

coding is to include a side information at the decoder [12, 13]. The real challenge
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of the remote source coding problems lies in the network context. Many people

have studied different remote source coding problems in the network context. One

important class of problems is studied under the name of the CEO problem [14, 15, 16]

where the central estimation officer (CEO) estimates an underlying source from the

messages it received from his agents which encode their messages based on the indirect

observations of the source. The complete rate distortion region for the CEO problem

is known only for the quadratic Gaussian case which was independently proved by

Oohama [17] and Prabhakaran et al. [18]. Another important class of problems

is called the Multiple Descriptions problem [19, 20] and the successive refinement

problem [21, 22, 23] where the encoder encodes multiple descriptions of the source to

the decoders and the decoders reproduce the source with different fidelity depending

on the subset of the descriptions they received.

Most of the literature studies distributed estimation problem when there is only

one node either on encoder side or decoder side. However, there will be several

encoders and several decoders in a collaborative estimation problem. Thus, we pro-

pose a suitable source code architecture for the collaborative estimation problem and

study the rates and distortions achievable at the nodes by hybridizing the techniques

from the CEO and multiple descriptions problems. We show that our achievable rate

distortion region simplifies to the known bounds for some simpler problems in the

literature.

Low-Complexity/Low-Communication Algorithms

The development of low-complexity and low-communication collaborative estima-

tion algorithms via practical source codes emerged as a new area of study about

a decade ago and is still arguably in its infancy. Modern practical coding theory

borrows ideas from machine learning and coding theory to design such collaborative
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estimation algorithms.

The design of practical codes started drawing interest of the researchers after

the codes were designed for the binary Slepian-Wolf problem in the lossless coding

context [24]. These codes were designed either by puncturing the Turbo codes or

by sending syndromes of the LDPC codes [25, 26]. Following these techniques, codes

were designed for the Wyner-Ziv problem in the lossy coding context for both discrete

and continuous sources. The codes for continuous sources were designed by quantizing

the source with sophisticated quantizers and then compressing the source with LDPC

or Turbo codes [27, 28, 29]. Later, codes for multiterminal source coding problem and

the CEO problem were designed by applying the Wyner-Ziv coding successively where

at each stage previously decoded messages were used as side information [30, 31].

The practical multi-terminal code and decoder design literature for distributed

estimation has thus far been focussed on non-interactive communication. In this dis-

sertation, we design practical codes for a multiround collaborative estimation problem

in which multiple successively refinable messages are broadcast at each round. We

apply successively refinable trellis coded quantization (SR-TCQ) to quantize a contin-

uous source and compress the quantized source using syndromes of the LDPC codes.

The adaptation of the SR-TCQ and LDPC codes to this multiterminal multiround

context allows for efficient low communication collaborative estimation, and belief

propagation decoders allow for the effective use of side information while maintaining

low complexity.

Notation

We will be using the following notations throughout the dissertation.

1. We denote the set {1, . . . ,M} as [M ] for any natural number M . Also, [M ] \ i

will denote the set [M ] with the element i removed.
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2. For some set A, 2A will be the power set of subsets from A.

3. We use capital letters for random variables and small letters for realizations.

We use superscripts for time indices and subscripts for node indices.

4. For a sequence of random variables X(n), n ∈ [N ], we define X as X :=
[
X(1), . . . , X(N)

]
, Xn asXn :=

[
X(1), . . . , X(n)

]
andX [m,n] asX [m,n] :=

[
X(m), . . . , X(n)

]
.

5. For any set of subscript indices K = {k1, . . . , kL}, the vector (Fk1 , . . . , FkL) is

denoted with FK .

6. For a set of length N i.i.d. sequences X1, . . . ,XL, the set of jointly strongly

typical sequences [10] is denoted as A∗ε(X[L]).

7. The notation X ↔ Y ↔ Z means that X, Y, Z form a Markov chain.

The rest of the dissertation is organized as follows. Chapter 2 provides some

background that is necessary to develop algorithms in this dissertation. This in-

cludes Bayesian inference and estimation theory, lossy source coding theory, and

quantization and compression. In Chapter 3, we develop a low-complexity algorithm

for joint channel estimation in a wireless sensor network and compare its perfor-

mance with another network estimation algorithm, diffusion LMS. In Chapter 4, we

propose a communication protocol for a general collaborative estimation algorithm

and study rate-estimation error performance of low-communication algorithms. We

prove inner and outer bounds to the rate distortion region and show our inner bound

simplifies to the known bounds for some simpler problems. In Chapter 5, we pro-

pose a communication protocol for multiround collaborative estimation and design

a low-complexity/low-communication algorithm for this problem. We simulate our

low-complexity/low-communication algorithm and compare the performance with the

theoretical bounds that we derive.
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2. Background

In this chapter, we provide the background that is necessary to read this disser-

tation. As discussed in Chapter 1, we apply tools from signal processing & machine

learning, information theory and modern practical coding theory to study collabo-

rative estimation problem. In particular, we apply tools from statistical inference

and estimation, source coding theory, and practical coding theory. We provide back-

ground in this chapter for each of these areas of study. We begin our discussion with

inference and estimation theory.

2.1 Statistical inference and Estimation Theory

We apply inference and estimation theory to develop a low-complexity collabora-

tive estimation algorithm in Chapter 3. In particular, we apply Bayesian estimation

techniques to estimate parameters as we explain presently [3].

2.1.1 Parameter Estimation

Parameter estimation deals with estimating a parameter using some data that

depends on the parameter. Depending on whether the parameter to be estimated

is nonrandom (unknown) or random, the estimation is called nonrandom parameter

estimation or random parameter estimation [2].

Nonrandom Parameter Estimation

Let θ be an unknown (nonrandom) parameter and X be a set of variables. Suppose

that the conditional distribution of X given θ is

pX;θ(x; θ)



10

The goal in nonrandom parameter estimation is to find the estimate Θ̂ of θ from

the realizations x of X. Maximum Likelihood estimation (MLE) is a widely used

technique in unknown parameter estimation which finds the estimate Θ̂(x) by finding

the value θ that maximizes the likelihood of x [2].

Θ̂(x) ∈ arg max
θ∈Φ(θ)

pX;θ(x; θ) (2.1)

where Φ(θ) is the feasible set of parameters θ. MLE can also be used for the es-

timation of random parameters with unknown prior distribution. When the prior

distribution of the random parameter to be estimated is known, random parameter

estimation techniques can be used to estimate the parameter.

Random Parameter Estimation

Let Θ be a continuous random parameter and X be a set of variables. Suppose that

pΘ(θ) is the prior distribution of Θ and pX|Θ(x|θ) be the conditional distribution of

X given Θ.

The Bayesian estimation technique finds the estimate Θ̂ of Θ from the realizations

x of X such that the expected value of a cost function C(Θ, Θ̂(x)) is minimized [2].

Θ̂(x) = arg min
Θ̃(x)

∫
C(θ, Θ̃(x)) pΘ|X(θ|x) dθ (2.2)

A commonly used cost function is the squared error function.

C(Θ, Θ̂(x)) = (Θ− Θ̂(x))2

We use this cost function is Chapter 3 and the resulting estimate is called Minimum
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Mean Squared Error (MMSE) estimate.

Θ̂(x)MMSE = arg min
Θ̂(x)

E[(Θ− Θ̂(x))2]

=

∫
θ pΘ|X(θ|x) dθ (2.3)

Thus, the computation of MMSE estimate requires the posterior distribution of the

random parameter which can be inferred from the data x.

2.1.2 Belief Propagation

In many cases, θ is a vector, and only the marginal posterior distributions p(θi|x)

need to be computed. This occurs in instances of cost functions which are separa-

ble, which include the MMSE case in (2.3). Belief propagation (BP) [3, 32] is an

approximate Bayesian inference technique which can be applied to compute marginal

posterior distributions from a multiplicative factoring of the joint distribution of the

data and the parameters.

Belief propagation can be described using the sum-product algorithm on factor

graphs [33].

Factor Graph

A factor graph is a bipartite graph which can be used to represent factorization

of functions. A factor graph has two set of vertices: variable nodes and factor nodes.

The variable nodes represent the variables of the function and the factor nodes repre-

sent the factors of the function. A variable node is connected to a factor node only if

the factor is a function of that variable. For example, the factor graph in Fig. 2.1 rep-

resents the function g(x1, x2, x3, x4, x5) = f1(x1)f2(x2)f3(x1, x2, x3)f4(x3, x4)f5(x3, x5)

where the variables {xi}5
i=1 are represented by the variable (circle) nodes and the fac-
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Figure 2.1: The factor graph represents the function g(x1, x2, x3, x4, x5).

tors {fi}5
i=1 are represented by the factor (square) nodes.

Now we return to the discussion of BP. Suppose that a joint distribution p(x1, . . . , xN)

factorizes as follows.

p(x1, . . . , xN) =
∏

k

fk(xk) (2.4)

where xk ⊆ {x1, . . . , xN}. BP iteratively passes messages between the variable and

factor nodes to compute the marginals at the variable nodes. The message from

variable node xi to factor node fj is computed as follows.

λxi→fj(xi) =
∏

fk∈N (xi)\fj

µfk→xi(xi) (2.5)

where N (xi) is the set of neighbors of xi in the factor graph. The message from factor

node fj to variable node xi is computed as follows.

µfj→xi(xi) =
∑

N (fj)\xi

fj(xj)
∏

xk∈N (fj)\xi

λxk→fj(xk) (2.6)
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where N (fj) is the set of neighbors of fj and xj := {xn : n ∈ N (fj)}. After certain

number of iterations, the marginal at variable node xi is computed as follows.

p̂(xi) =
∏

fk∈N (xi)

µfk→xi(xi) (2.7)

These approximate marginals converge to the true marginals when the facor graph

is cycle free. When the factor graph has cycles, BP gives an approximate solution to

the true marginal.

2.1.3 Expectation Propagation

For many probabilistic models of interest, working with the true posterior dis-

tribution is intractable. In such situations, the true posterior distribution must be

approximated with a tractable probability distribution such that the approximate

distribution is as close as possible to the true distribution. Expectation propagation

[34, 9, 3] is an approximate inference algorithm which approximates an intractable

true posterior distribution having the form of product of factors with an exponential

family distribution by minimizing the Kullback-Leibler divergence between the two

distributions.

To mathematically describe expectation propagation, letD be data and θ be latent

variables. Suppose that the posterior distribution of the latent variables given the

data is p(θ|D) and that it is an intractable distribution. Now we want to approximate

this distribution with an exponential family distribution q(θ) of the form

q(θ) = h(θ)g(λ) exp{u(θ)λT} (2.8)

where λ are called the natural parameters. Once the exponential family (determined
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by u(θ)) is decided, the goal is to determine λ that minimizes KL(p‖q) [3].

KL(p‖q) =

∫
p(θ|D) ln

(
p(θ|D)

q(θ)

)
dθ

= − ln(g(λ))− λTEp(θ|D)[u(θ)] + v(θ) (2.9)

where v(θ) is some function of θ. Taking the partial derivatives with respect to λ

and equating it to 0 we get

−∇λ ln(g(λ)) = Ep(θ|D)[u(θ)]

But for exponential family distributions, we have −∇λ ln(g(λ)) = Eq(θ)[u(θ)] [3].

Thus,

Eq(θ)[u(θ)] = Ep(θ|D)[u(θ)] (2.10)

This is equivalent to finding q(θ) which has the same expected sufficient statistics as

p(θ|D). However, since p(θ|D) is intractable, it is not possible to find the approximate

distribution directly.

Expectation propagation utilizes factors of the original distribution to approxi-

mate the distribution. Suppose that the posterior distribution of θ given D factorizes

as follows.

p(θ|D) =
1

p(D)

n∏

i=0

fi(θi) (2.11)

where θi ⊆ θ. Here, fi(θi) can be a function of both θi and data D, however since we

are interested in the parameters only we denote it as a function of θi only. Suppose

that this posterior distribution is intractable and let q(θ) be another distribution such

that

q(θ) =
1

T

n∏

i=0

f̂i(θi) (2.12)



15

where T is the normalization constant. EP approximates the posterior distribution

p(θ|D) with distribution q(θ) by restricting the factors f̂i(θ) to be exponential family

distributions and minimizing the KL divergence between the distributions in the

reverse form, i.e. KL(p‖q). Rather than trying to approximate it in one step, EP

tries to approximate each factor in turn. In particular, EP first intializes each factor

in q(θ) to 1. Then, it selects a factor to approximate, removes the factor from q(θ),

includes the original factor and finds the approximate distribution in the selected

family that minimizes KL divergence. To mathematically describe it, say we want to

refine the factor f̂j(θj). EP first removes the factor f̂j(θj) from q(θ)

q\j(θ) =
q(θ)

f̂j(θj)

It then includes the original factor fj(θ) and computes the distribution by normaliz-

ing.

1

Tj
fj(θj)q

\j(θ)

where

Tj =

∫
fj(θj)q

\j(θ)dθ

It then finds qnewj (θj) that minimizes

KL

(
1

Tj
fj(θj)q

\j(θ)
∥∥∥ qnewj (θj)q

\j(θ)

)
(2.13)

In this fashion, each factor is refined in turn and the approximation is continued for

several times. The approximate distribution is given by qnew(θ).

We will next see that when a fully factorized distribution is used for the ap-

proximate distribution, EP boils down to belief propagation (BP). We will use this
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property of EP in Chapter 3. Now let

q(θ) =
1

T

n∏

i=0

∏

k

f̂ik(θk) (2.14)

If we want to refine the factor f̂j`(θ`), we remove the factor f̂j(θj) from q(θ).

q\j(θ) =
1

T

∏

i 6=j

∏

k

f̂ik(θk)

Then we multiply by the original factor

q\j(θ)fj(θj)

and take the marginal. The refined factor will be

f̂j`(θ`) ∝
∑

θk∈θj , k 6=`

fj(θj)
∏

i 6=j

∏

k 6=`

f̂ik(θk) (2.15)

This is exactly the message from a factor node to a variable node in belief propagation.

2.2 Source Coding Theory

Information theory provides theoretical bounds to two important classes of prob-

lems in communications: source coding and channel coding [10]. Information theoretic

bounds for source coding provide bounds on the number of bits required to represent

a source. If the source is compressed such that it can be reconstructed with an error

ocurring with arbitrarily low probability it is called lossless compression, otherwise it

is called lossy compression. We apply tools from lossy source coding theory (rate dis-

tortion theory) to characterize the region of rates and estimation error performances

in Chapter 4.
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Let X(1), . . . , X(N) be a sequence of random variables independent and identically

distributed according to P (x). The rate distortion theory studies the problem of

representing the sequence such that it can be reconstructed with certain amount of

error (distortion). In this section, we first define some of the terms that we use in

Chapter 4 and discuss some of the important distributed source coding problems in

the literature.

2.2.1 Definitions

Entropy

Entropy is a measure of uncertainty in a random variable. Let X be a discrete random

variable which takes values x from X and P (x) be its probability mass function. Then,

the entropy H(X) of X is defined as

H(X) = −
∑

x∈X

P (x) log2{P (x)} (2.16)

When the base of the logarithm is 2, entropy is measured in “bits” and when natural

logarithm is used it is measured in “nats”.

Differential Entropy

When random variable X is continuous, the entropy is called differential entropy and

it is defined as

h(X) = −
∫
p(x) log2{p(x)} dx (2.17)

where p(x) is the probability density function of x. Note that the differential entropy

is denoted by h(X) to differentiate it from the entropy H(X) of a discrete random

variable.

Joint Entropy
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The joint entropy H(X, Y ) of two discrete random variables X and Y is defined as

H(X, Y ) = −
∑

x∈X

∑

y∈Y

P (x, y) log2{P (x, y)} (2.18)

where P (x, y) is the joint probability mass function of X and Y .

Conditional Entropy

Conditional entropy measures the uncertainty of a random variable given another

random variable. The conditional entropy H(X|Y ) of X given Y is defined as

H(X|Y ) = −
∑

y∈Y

∑

x∈X

P (x, y) log2{P (x|y)} (2.19)

where P (x|y) is the conditional mass function of X given Y .

Mutual Information

Mutual information measures how much uncertainty of a random variable is removed

when another random variable is given. The mutual information I(X;Y ) between X

and Y is defined as

I(X;Y ) =
∑

x∈X

∑

y∈Y

P (x, y) log2

{
P (x, y)

P (x)P (y)

}
(2.20)

Distortion

Distortion measures the quality of reconstruction of the source. A distortion measure

is defined as

d : X × X̂ → R+ (2.21)

where X is the source alphabet and X̂ is the reconstruction alphabet.
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The distortion between two sequences x and x̂ is defined as

d(x, x̂) =
1

N

N∑

n=1

d(x(n), x̂(n)) (2.22)

Jointly Strongly Typical Sequences

The properties of jointly strongly typical sequences are widely exploited to prove

achievable rate distortion regions. A pair of sequences (x,y) ∈ X × Y is said to be

ε-strongly typical with respect to a distribution if p(x, y) on X × Y if

• For all (a, b) ∈ X × Y with p(a, b) > 0, we have

| 1
N

Num(a, b|x,y)− p(a, b)| < ε

|X ||Y|

• For all (a, b) ∈ X × Y with p(a, b) = 0, we have Num(a, b|x,y) = 0.

where Num(a, b|x,y) is the number of occurrences of the pair (a, b) in the pair of

sequences (x,y).

We next discuss some of the important problems in the lossy source coding liter-

ature.

2.2.2 Point-to-Point Source Coding

Let T (1), . . . , T (N) be a source sequence independent and identically distributed

according to P (t). In point-to-point lossy source coding, as shown in Fig. 2.2 an

encoder observing the source sequence sends a message with index m ∈ {1, . . . , 2NR}

to the decoder which recontructs the source as T̂ (1), . . . , T̂ (N) such that the expected

distortion is D.

The rate distortion pair (R,D) is said to be achievable if there exists an encoding
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Encoder Decoder
T T̂m ∈ {1, . . . , 2NR}

Figure 2.2: Point-to-point lossy source coding problem.

function f and a decoding function g

f : T → {1, . . . , 2NR}, g : {1, . . . , 2NR} → T̂

such that the expected distortion

1

N

N∑

n=1

E[d(T (n), T̂ (n))] ≤ D

The rate distortion region to this problem is defined as the convex hull of all

achievable (R,D). The rate distortion function is defined as the minimum rate re-

quired to achieve distortion D, i.e.

R(D) := min{R : (R,D) is achievable} (2.23)

The rate distortion function to this problem is given by [10]

R(D) = min
p(t̂|t): E[d(T,T̂ )]≤D

I(T ; T̂ ) (2.24)

2.2.3 Remote Source Coding

The encoder sometimes only get to observe a noisy version of the source, and this

coding problem is called the remote source coding problem. Dobrushin and Tsybakov

[11] first studied the remote source coding problem in the point-to-point context. In
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Encoder Decoder
X T̂m ∈ {1, . . . , 2NR}

Figure 2.3: Point-to-point remote lossy source coding problem.

remote source coding problem, as shown in Fig. 2.3 the encoder observes a noisy

version X of the source T . The source and observation sequences are i.i.d. according

to p(t, x).

The rate distortion pair (R,D) is said to be achievable if there exists an encoding

function f and a decoding function g

f : X → {1, . . . , 2NR}, g : {1, . . . , 2NR} → T̂

such that the expected distortion

1

N

N∑

n=1

E[d(T (n), T̂ (n))] ≤ D

The rate distortion region to this problem is defined as the convex hull of all achievable

(R,D). The rate distortion function to this problem is given by [11]

R(D) = min
T̂∈Φ(T̂ )

I(X; T̂ ) (2.25)

where Φ(T̂ ) = {T̂ : T ↔ X ↔ T̂ , E[d(T, T̂ )] ≤ D}.

2.2.4 Source Coding with Decoder Side Information

A simple extension to the point-to-point remote coding is to include a side infor-

mation at the decoder. This problem is known as the indirect Wyner-Ziv problem
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Encoder Decoder
X

Y

T̂m ∈ {1, . . . , 2NR}

Figure 2.4: Remote Wyner-Ziv coding problem.

[13, 12, 35]. In the indirect Wyner-Ziv problem, both the encoder and decoder ob-

serve noisy versions of the source T as shown in Fig. 2.4. The source and observation

sequences are i.i.d. according to p(t, x, y).

The rate distortion pair (R,D) is said to be achievable if there exists an encoding

function f and a decoding function g

f : X → {1, . . . , 2NR}, g : Y × {1, . . . , 2NR} → T̂

such that the expected distortion

1

N

N∑

n=1

E[d(T (n), T̂ (n))] ≤ D

The rate distortion region to this problem is defined as the convex hull of all achievable

(R,D). The rate distortion function to this problem is given by [13, 35]

R(D) = min
U∈Φ(U)

I(X;U |Y ) (2.26)

where Φ(U) = {U : T, Y ↔ X ↔ U, E[d(T, T̂ (Y, U))] ≤ D}.

A special case of indirect Wyner-Ziv problem was studied in [36] where the de-

coder reproduces a deterministic function of the observation at the encoder and side

information at the decoder.
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Figure 2.5: The CEO problem.

2.2.5 CEO Problem

The real challenge of the remote source coding problems lies in the network con-

text. Many people have studied different remote source coding problems in the net-

work context. One important class of problems is studied under the name of the

CEO problem [14, 15, 16]. In the CEO problem, the central estimation officer (CEO)

is interested in estimating a source and he employs some agents to report to him

observing the source as shown in Fig. 2.5. The agents making “noisy” observations

of the source independently encode their observations as rate constrained messages

to the CEO. Receiving the messages, the CEO estimates the underlying source with

some distortion. Let p(t, y1, . . . , yM) be the joint distribution of the source and ob-

servations.

The rate distortion vector (R1, . . . , RM , D) is said to be achievable if there exist

encoding functions

fi : Y i → {1, . . . , 2NRi}, ∀i ∈ {1, . . . ,M}
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and a decoding function

g :
M∏

i=1

{1, . . . , 2NRi} → T̂

such that the expected distortion

1

N

N∑

n=1

E[d(T (n), T̂ (n))] ≤ D

The rate distortion region for this problem is defined as the convex hull of all achiev-

able (R1, . . . , RM , D).

For a general distribution of the source/observations and distortion metric, the

complete rate distortion region is still unknown, but inner and outer bounds to the

region are available [16].

Inner Bound:

Let Φ(U[M ]) be the set of random vectors (U1, . . . , UM) that satisfy the following

conditions.

1. Ui ↔ Yi ↔ T, Y[M ]\i, U[M ]\i for all i.

2. There exists a function g : U1× . . .×UM → T̂ such that E[d(T, T̂ )] ≤ D where

T̂ = g(U1, . . . , UM).

Let

RD(U[M ]) = {(R1, . . . , RM , D) :
∑

i∈A

Ri ≥ I(YA;UA|U[M ]\A), ∀A ⊆ [M ]

E[d(T, g(U1, . . . , UM))] ≤ D, (U1, . . . , UM) ∈ Φ(U[M ])} (2.27)

and

RDin = conv


 ⋃

U[M ]∈Φ(U[M ])

RD(U[M ])



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where conv denotes convex hull. RDin is an inner bound to the rate distortion region

RD, i.e. RDin ⊆ RD. This inner bound is known as the Berger Tung inner bound

[37, 38, 39, 15].

Outer Bound:

Let Φ(W[M ]) be the set of random vectors (W1, . . . ,WM) that satisfy the following

conditions.

1. Wi ↔ Yi ↔ T, Y[M ]\i for all i.

2. There exists a function f : W1 × . . . × WM → T̂ such that E[d(T, T̂ )] ≤ D

where T̂ = f(W1, . . . ,WM).

Let

RD(W[M ]) = {(R1, . . . , RM , D) :
∑

i∈A

Ri ≥ I(Y[M ];WA|W[M ]\A), ∀A ⊆ [M ]

E[d(T, f(W1, . . . ,WM))] ≤ D, (W1, . . . ,WM) ∈ Φ(W[M ])}(2.28)

and

RDout =
⋃

W[M ]∈Φ(W[M ])

RD(W[M ])

RDout is an outer bound to the rate distortion region RD, i.e. RD ⊆ RDout. This

outer bound is known as the Berger Tung outer bound [37, 38, 15].

The complete rate distortion region for the CEO problem is known only for the

quadratic Gaussian case which was independently proved by Oohama [17] and Prab-

hakaran et al. [18]. There, they have shown that the rate distortion region is equal to

the Berger Tung inner bound. Chen [40] has proved that every point in the quadratic

Gaussian rate distortion region can be achieved through successive Wyner-Ziv coding.

Wagner and Anantharam [16] have presented an outer bound to a general multi-



26

terminal source coding problem which provides a tighter outer bound than the Berger

Tung outer bound for the CEO problem. A 2-terminal variant of the multiterminal

source coding in [16] was studied in [41] where the decoder reproduces a function of

the observations at the encoders with zero error probability. This paper presented an

encoding technique based on graph color coding [42] that achieves entire rate region

under a special condition “the zig-zag condition” [41].

2.2.6 Multiple Descriptions Problem

Another important class of problems is called the Multiple Descriptions problem

[19, 20]. In the multiple descriptions problem, the encoder is required to send in-

formation about the source to the decoder over a unreliable channel. Rather than

sending a single description, the encoder sends multiple descriptions of the source so

that a subset of the descriptions will reach the decoder. The decoder is supposed to

reconstruct the source with different distortions depending on the subset of descrip-

tions it received. This problem can modeled with one encoder and multiple decoders

each receiving a different subset of descriptions. For example, Fig. 2.6 shows an

encoder sending two descriptions to the decoder.

The rate distortion vector ({Ri}Mi=1, {DA}A∈{1,...,M}\{0}) is said to be achievable if

there exist encoding functions

fi : T → {1, . . . , 2NRi}, ∀i ∈ {1, . . . ,M}

and decoding functions

gA :
∏

i∈A

{1, . . . , 2NRi} → T̂ A, ∀A ∈ 2{1,...,M} \ {0}
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Figure 2.6: The 2-multiple descriptions problem.

such that

1

N

N∑

n=1

E[d(T (n), T̂
(n)
A )] ≤ DA, ∀A ∈ 2{1,...,M} \ {0}

The rate distortion region for this problem is defined as the convex hull of all achiev-

able (R1, . . . , RM , D).

El-Gamal and Cover proved an achievable rate distortion region for the 2-descriptions

(M = 2) problem which is known as the EGC region. This inner bound gives the entire

rate distortion region in the quadratic Gaussian case [20] and in the so-called “no-

excess rate” case [43] which is obtained when R1 + R2 = R(D{1,2}), where R(D{1,2})

is the rate distortion function in (2.24). However, the EGC region has been demon-

strated not to be tight in other cases, including the binary Hamming case [44].

For general M -descriptions problem, an inner bound was proved in [45] by gen-

eralizing the EGC region and it was shown that their outer bound for the quadratic

Gaussian case meets their inner bound if the rates of all descriptions are equal and the

distortion constraints at all other decoders but the decoder receiving all descriptions

are the same. The following is the inner bound presented in [45].
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Inner Bound:

Let Φ(T̂2[M ]\∅) be the set of random vectors {T̂A : A ∈ 2[M ]\∅} that satisfy E[dA(T, T̂A)] ≤

DA, ∀A ∈ 2[M ] \ ∅. Let

RD(T̂2[M ]\∅) =
{

(R[M ], D2[M ]\∅) :
∑

i∈A

Ri ≥
∑

B⊆A

H(T̂B|T̂2B\B)−H(T̂2A |T )

E[dA(T, T̂A)] ≤ DA, ∀A ∈ 2[M ] \ ∅
}

(2.29)

and

RDin = conv




⋃

T̂
2[M ]\∅∈Φ(T̂

2[M ]\∅)

RD(T̂2[M ]\∅)




Then, RDin is an inner bound to the rate distortion region [45].

A recent paper by Chen [46] provided an outer bound showing that the general-

ized EGC region also gives the rate distortion region for the quadratic Gaussian M

descriptions case if there are only distortion constraints for the decoder receiving all

of the messages, and distortion constraints on the individual messages. An achievable

rate distortion region containing more points than the region in [45] was presented in

[47] when rate of each description is the same and reconstruction distortion depends

only on the number of decriptions received. Generalizing the problem in [47], an

approximate rate region for the quadratic Gaussian problem was presented in [48]

when the distortions depend only on the number of descriptions received (rates can

be different).

An interesting extension to this problem is to consider side information at the

decoder. For the quadratic Gaussian 2-descriptions case, the complete rate distortion

region was presented in [49] when the side information is the same at all decoders,

and later this region was extended in [50] to the case where the decoders receiving

individual descriptions have different side information and the decoder receiving both
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descriptions have both side information.

Some attempt has been made to solve the problem when a subset of the decoders

losslessy reproduce deterministic function of the descriptions. It was shown for the

2 descriptions case, if a decoder receiving one of the descriptions reproduce a deter-

ministic function of the description, then the rate distortion region is given by the

EGC region [51]. Yeung and Zhang considered a more general problem in [52] with

multiple sources, multiple encoders and multiple decoders where each encoder has

access to a certain subset of the sources, each decoder has access to a certain subset

of the encoders, and each decoder reconstructs a certain subset of the sources almost

perfectly. They derived inner and outer bounds for this problem when the source

variables are independent [52]. In the special “symmetric” lossless case where the

decoder receiving the subset of descriptions A must reproduce a collection of sources

U1, . . . , U|A|, work by Roche [53] (M = 3 and independent case) and Yeung and Zhang

[54] has determined the lossless rate region.

2.2.7 Successive Refinement Problem

Successive refinement problem is a special case of the multiple descriptions prob-

lem where a coarse description of the source is sent in the first stage, and if it is

necessary more information is sent in the subsequent stages to refine the coarse de-

scription [21, 55]. In the successive refinement problem only the distortions of all

descriptions (not any subset) available at each stage need to be considered, which

makes this one a special case of the multiple descriptions problem. This problem can

be modeled with one encoder and with the number of decoders equal to the number

of refinement stages, where the decoder corresponding to a particular stage receives

all descriptions up to that stage. Fig. 2.7 shows an encoder sending 2 successively

refinable descriptions.
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Figure 2.7: The 2-stage successive refinement problem.

The rate distortion vector {Ri, Di}Mi=1 is said to be achievable if there exist encod-

ing functions

fi : T → {1, . . . , 2NRi}, ∀ i ∈ {1, . . . ,M}

and decoding functions

gi :
i∏

k=1

{1, . . . , 2NRk} → T̂ i, ∀ i ∈ {1, . . . ,M}

such that the expected distortion

1

N

N∑

n=1

E[d(T (n), T̂
(n)
i )] ≤ Di, ∀ i ∈ {1, . . . ,M}

The rate distortion region for this problem is defined as the convex hull of all achiev-

able {Ri, Di}Mi=1.

Equitz and Cover [21] derived the rate distortion region from the EGC region for

a special case of the 2-stage successive refinement problem when R1 + R2 = R(D2),

where R(D2) is the rate distortion function in (2.24). Note that this the “no-excess

rate” case in the multiple descriptions problem and the EGC region provides the

entire rate distortion region in this case. The region in [21] was later generalized to



31

the general 2-stage problem in [55] as

RD = conv
{

(R1, R2, D1, D2) : R1 ≥ I(T ; T̂1), R1 ≥ I(T ; T̂1, T̂2)

E[d(T ; T̂1)] ≤ D1, E[d(T ; T̂2)] ≤ D2

}

The rate distortion region for the 2-stage problem with decoder side information was

proved in [22] and it was shown that the side information may be absent problem

considered in [23] can be derived as a special case of this problem.

A source is said to be successively refinable if the descriptions at each stage can

be refined to a distortion equals to the distortion rate function for the problem [21].

It has been shown that not every source (distribution) is successively refinable, and

the necessary and sufficient conditions for successive refinability have been provided

for different problems [21, 55, 22].

2.3 Practical Source Coding Theory

Practical source coding theory borrows ideas from machine learning and cod-

ing theory to design source codes that approach information theoretic bounds. The

source code design for continuous sources involves two main steps: quantization, then

compression.

The modern practical coding theory employs sophisticated scalar or vector quan-

tizers to quantize the source and applies syndromes of powerful channel codes together

with belief propagation decoders as a means of compressing the quantized source when

side information is available at the decoder. In this section, we discuss the quantiza-

tion and channel coding techniques that we apply in Chapter 5 for our practical code

design. Such a technique is frequently referred to as entropy coded quantization [56].
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2.3.1 Quantization

Continuous sources require an infinite number of bits to represent them losslessly.

Since this is not possible in practice, continuous sources are compressed with some

loss. One commonly used approach in lossy compression of continuous sources is to

quantize the source up to a desired distortion, and then to losslessly compress the

quantized source.

Scalar Quantizers

The simplest way to quantize a continuous source is to apply a scalar quantizer.

In scalar quantization, we have a set of quatization points {q1, . . . , qM}. A sequence

x(1), . . . , x(N) is quantized such that

x̂(n) = arg min
qi, i=1,...,M

(x(n) − qi)2, n = 1, . . . , N (2.30)

where qi is the ith quantization point. These quantization points are selected to

minimize the mean squared error.

Vector Quantizers

Scalar quantization (SQ) has an important deficiency as it is applied to a source

sequence, namely the Voronoi region induced by SQ is restricted to be cubic. Vector

quantization (VQ) allows for Voronoi cells with any shape and some of the shapes,

including spherical cells, are shown to give better distortion performance than that

of the cubic Voronoi cells [57].

In vector quantization [57, 58], a sequence x = [x(1), . . . , x(N)] is quantized such

that

x̂ = arg min
q`, `=1,...,L

1

N

N∑

n=1

(x(n) − q(n)
` )2 (2.31)
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where L is the number of quantized sequences (codewords) and q
(n)
` is nth element of

`th quantized sequence q`. The set of quantized sequences for a vector quantizer can

be selected through training by applying the generalized Lloyd algorithm [57]. This

algorithm can be described as follows.

1. Select a set of training vectors X = {x1, . . . ,xm} and an initial codebook with

codewords C = {q1, . . . , qL}. Set the iteration number j = 1.

2. Quantize the training vectors with the codewords in C. Let Bi = {x ∈ X :

Q(x) = qi}, where Q(x) is the quantized sequence of x.

3. Find the new codewords by

qi =
1

|Bi|
∑

x∈Bi

x, ∀ i = 1, . . . , L

where |Bi| is the cardinality of the set.

4. Compute the average distortion dj. If (dj−1− dj)/dj < ε stop; else set j = j+ 1

and go to step 2.

Trellis Coded Quantization (TCQ)

Trellis Coded Quantization (TCQ) [59], the source coding counterpart of Trellis

Coded Modulation (TCM) [60], is a type of vector quantization. The trellis structure

determines the quantization sequences that are allowed in TCQ.

A r-bit TCQ uses 2r+1 quantization points. In general, these quantization points

are partitioned into m cosets (C0, C1, . . . , Cm) by assigning the first quantization

point from the left to C0, the second quantization point to C1 and so on. In this

work, we partition the quantization points into 4 (m = 4) cosets and thus we explain

TCQ for this special case.
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The trellis for TCQ is generated using a rate 1/2 convolutional code. The amount

of memory used in the convolutional code determines the number of states in the

trellis. If M memory elements are used, there will be 2M states in the trellis. The

output of the convolutional code determines the coset selected. Thus, from a partic-

ular state only two of the four cosets can be selected depending on the input (0 or

1). This means that given the current state we need only 1 bit to represent the coset

and r−1 bits to represent the quantization points within the coset, although we have

2r+1 quantization points.

In TCQ, a source sequence is quantized by applying Viterbi’s algorithm on the trel-

lis to obtain the quantized sequence with minimal distortion to the observed sequence

[59]. Indeed, TCQ focuses on minimizing MSE for a given number of quantization

points. A variant of TCQ, Entropy coded TCQ (ECTCQ), focuses on minimizing

MSE for a given entropy, which allows encoding of trellis coded quantized sequences

to their entropy [56, 57].

ECTCQ achieves distortions 0.2dB away from the distortion rate function for

Gaussian sources and squared error distortion, which improves the performance of

entropy coded SQ (ECSQ) by 1.33dB [57]. ECTCQ has also proved its potential in

the Wyner-Ziv coding [29].

Successively Refinable TCQ (SR-TCQ)

We will need to generate successively refinable descriptions in Chapter 5. Although

TCQ cannot be directly applied to generate successively refinable descriptions, an

extension of TCQ called Successively Refinable TCQ (SR-TCQ) can be applied for

this purpose [61]. We apply SR-TCQ to generate successively refinable descriptions

in Chapter 5.

SR-TCQ [61] is described here for only 2 refinement stages since that is enough for
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the reader to understand the work in this dissertation. Suppose that in the first stage

the description is sent at rate r1 and in the second stage the description is sent at rate

r2. Then, we need to have two sets of quantization points Q1 and Q2, one for each

stage. The set Q1 consists of 2r1+1 quantization points, Q1 = {qi : i ∈ {1, . . . , 2r1+1}}

and the set Q2 consists of 2r2+1 quantization points for each one of the quantization

points i ∈ Q1, i.e. Q2 = {qi,j : j ∈ {1, . . . , 2r2+1}, i ∈ {1, . . . , 2r1+1}}. At both stages,

the quantization points are partitioned into 4 cosets (C0, C1, C2, C3) in the same way

it is done in the TCQ. Next, consider the construction of the trellis used in SR-TCQ.

The trellis for SR-TCQ is constructed by taking the tensor product of the trellises

of the two refinement stages. In particular, the trellis for our problem is constructed

by taking the tensor product T1⊗ T2 of the first stage trellis T1 and the second stage

trellis T2. Suppose that T1 and T2 have states v1, v2, . . . , v2n1 and w1, w2, . . . , w2n2 ,

respectively. Then T1 ⊗ T2 consists of 2n1+n2 states vi ⊗ wj, (i, j) ∈ {1, 2, . . . , 2n1} ×

{1, 2, . . . , 2n2}. There is a transition between states vi ⊗ wj and vk ⊗ w` in T1 ⊗ T2

if and only if there is a transition between vi and vk in T1, and there is a transition

between wj and w` in T2. Denote the trellis constructed by the tensor product by

T1,2 , T1 ⊗ T2.

We apply a 2-stage SR-TCQ to generate two successively refinable quantized se-

quences, one of which takes values from Q1 and the other one takes values from Q2. In

SR-TCQ, a source sequence is quantized by applying Viterbi’s algorithm on the trellis

T1,2. When the Viterbi’s algorithm is applied, the distortions of both of the sequences

should be considered and this can be done by minimizing a weighted distortion D of

the distortions of both sequences.

D = αD1 + (1− α)D2 (2.32)

where α, 0 ≤ α ≤ 1 is the distortion weighting factor, and D1 and D2 are the
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distortions of the first and second stage quantized sequences, respectively.

Having discussed the techniques that can be applied to generate descriptions, we

next discuss the techniques that can be used to compress those descriptions.

2.3.2 Channel Codes

Channel codes are originally intended for reliably transmitting the bits over chan-

nels by increasing redundancy. However, much of modern practical source coding

theory transmits syndromes of the channel codes, treating the compressed sequence

as the received sequence for a linear block code, to compress the sources when side

information is available at the decoder [29, 27]. The side information provides a prior

distribution for the source which is used, together with the syndrome, to determine

the source sequence in a belief propagation decoder. We presently discuss this struc-

ture in more detail. We will discuss block codes since we are using syndromes of a

block code for compression in Chapter 5.

Linear Block Codes

A (n, k) linear block code maps k information bits into n(≥ k) coded bits. The

rate of a (n, k) block code is k/n. The linear map can be described by a matrix called

Generator Matrix (Gk×n) with rank k. A 1 × k information bit vector u is mapped

into the coded bits as follows.

c = uG (2.33)

where 1 × n vector c called a codeword. Any generator matrix can be written in

systematic form.

G = [Ik| P] (2.34)
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where Ik is a k×k identity matrix and P is a k× (n−k) matrix that generates parity

bits.

For a generator matrix G in (2.34), the parity check matrix H is defined as

H = [PT | In−k] (2.35)

The parity check matrix can be used to decode linear block codes. Let r be the

received bits at the receiver.

r = c + e (2.36)

where e is 1 × n error vector introduced by the channel. Then the syndrome of r is

defined as

s = HrT (2.37)

Note that when e = 0

s = HcT = HGTuT = 0 (2.38)

LDPC Codes

Low-density parity-check (LDPC) code is a linear block code with relatively low

number of 1s compared to the number of 0s in its parity check matrix [62, 63, 64].

LDPC codes have been shown to perform very close to the Shannon limit when the

length of the code is long.

Our interest in LDPC codes lies in using the syndromes of the LDPC codes to

compress the bits and decoding the syndromes with the help of the side information at

the decoder. Thus, we will demonstrate here how the syndromes are used to compress

bits and how these syndromes are decoded with the help of side information in the

belief propagation decoder.

Let H be a low-density parity-check matrix. The parity-check matrix H can be



38

represented by a factor graph, by representing the columns with the variable nodes

and the rows with the factor (check) nodes, and then connecting the rows and columns

of 1s in H by edges. In this representation, the parity-check matrix of a LDPC code

can be specified using two degree distributions, variable node and check node degree

distributions, where a degree distribution is defined as a polynomial γ(x) [64]

γ(x) :=
∑

i≥2

γix
i−1 (2.39)

with nonnegative coefficients and γ(1) = 1. The variable node degree distribution

λ(x) is defined as

λ(x) =
dv∑

i=2

λix
i−1 (2.40)

where dv is the maximum number of edges connected to a variable node and λi is

λi =
ni i

N
(2.41)

where ni is the number of variable nodes with i edges and N is the total number of

edges. Similarly, the check node degree distribution ρ(x) is defined as

ρ(x) =
dc∑

i=2

ρix
i−1 (2.42)

where dc is the maximum number of edges connected to a check node and ρi is defined

in the same way λi was defined. For a given code length n and code rate k/n, the

degree distributions can be optimized to obtain a good parity check matrix [64].

We presently discuss compression of bits at the encoders. Let r be a n× 1 binary

vector that need to be compressed. Then, the encoder sends the syndromes s to the

decoder.

s = Hr (2.43)
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Note that s can be non-zero, because all length n binary sequences are allowed for r.

Given the side information y (can be non-binary) and syndromes s, the goal of

the decoder is to decode the compressed bits such that

r̂ = arg max
r̃

P (r̃| y, s) (2.44)

This decoding can be effectively done using message-passing algorithms such as

belief propagation (BP). We describe belief propagation decoding of the syndromes

here as we will use this decoding algorithm in Chapter 5.

When (r,y) are i.i.d. according to p(r, y), the joint conditional distribution

P (r, s|y) can be written as

P (r, s|y) = P (r|y) P (s|r)

= P (r|y) 1[Hr = s]

=
∏

n

P (rn|yn)
∏

m

1[
∑

n∈N (m)

rn = sm] (2.45)

where 1 is indicator function and N (m) is the set of neighbors of sm.

We can use a factor graph to represent this function by representing rn with

variable nodes and the factorized functions with factor nodes. Then, BP algorithm

can be applied to compute the marginal probabilities P (rn|y, s) as described in 2.1.2.

The bit rn is then decoded from the approximate marginals as

r̂n = arg max
i=0,1

P (rn = i|y, s) (2.46)

Having provided the background necessary to develop collaborative estimation

algorithms, we begin developing the algorithms in the next chapter.
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3. Low-Complexity Collaborative Estimation Algorithms

In this chapter we study low-complexity collaborative estimation [65] algorithms

for networks. In particular, we develop an algorithm for collaborative estimation of

channel gains in wireless sensor networks [66, 67]. As it was discussed in Chapter

1, energy consumption is a key issue in wireless sensor networks [1, 68]. While part

of the energy in the sensors is spent on processing data, a sizable portion of their

energy is expended on communication because of the necessary power amplification of

the communications signals. This energy consumption for communications purposes

can be minimized, maximizing the communications energy efficiency of the network,

through distributed power control [69] if the network nodes are aware of the link gains

on the network’s wireless channels.

However, in many cases the sensors are deployed randomly, for instance by drop-

ping them out of the back of a plane, and, thus, they do not initially know their

positions, neighbors, or channel gains. Thus, they must first estimate the channel

gains in order to determine their neighbors and to minimize transmission powers.

During this initial channel gain estimation phase, power consumption may be further

reduced by duty cycling [70, 71], i.e. keeping only a small subset of the sensors in a

high power “awake” state at each time instant.

Following these practical constraints, we derive a low-complexity collaborative es-

timation algorithm from the Expectation Propagation (EP) [9] principle for a wireless

sensor network in which each sensor estimates the channel gains by collaborating with

a few other network nodes. While performing this channel estimation we maintain

a low average network energy consumption by employing a random sleep strategy.

We apply our algorithm and the diffusion Least-Mean Squares (LMS)[4] algorithm

to the same channel estimation problem and compare their performance in terms of
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estimation error.

3.1 Problem Formulation

Consider a network of N sensor nodes 1, . . . , N which are randomly placed on

a flat terrain to monitor a common phenomenon. Assuming symmetry of the link

between two nodes, let h := [hi,j | i, j ∈ {1, 2, . . . , N}, i < j] be the set of channel

gains in the network, where hi,j is the gain of the link between nodes i and j. The

goal of this work is to estimate at each node the length N(N − 1)/2 channel gain

vector h by collaborating with a few other nodes and applying distributed Bayesian

estimation techniques.

To reduce the power consumption during the channel estimation phase, we apply

to the network a regular cyclic random sleep strategy [72], in which at each discrete

time instant a randomly selected collection of d nodes are awake and each sensor

maintains the same average power consumption. Each sleep cycle consists of K such

discrete time instants after which the cycle repeats. Thus, if we denote the set of

nodes awake at time instant k with S(k), k ∈ {1, . . . , K}, then S(K+k) = S(k). Fig.

3.1 shows two different random set of nodes which are awake during two different

sleep cycle instants k1, k2 ∈ {1, . . . , K}, k1 6= k2. In Fig. 3.1, the awake nodes are

shown in red. Next denote the number of times one node is awake during a sleep

cycle with c, which we require to be the same for all nodes in order to maintain equal

power consumption throughout the network and thus equal node lifetime. Then, the

total number of time instants in a sleep cycle is K = c
d
N .

To the network model which we described above, we employ a typical wireless

communication channel estimation technique, channel training, to estimate the chan-

nel gains of the links in the network. For communications between the nodes during

the training phase and the channel estimation phase which follows the training phase,
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(a) Sleep cycle instant k1 (b) Sleep cycle instant k2

Figure 3.1: Random set of (red) sensor nodes are awake during two different sleep
cycle instants.

we use TDMA based medium access control [73] which increases the energy savings

by avoiding collisions and retransmissions. These energy savings result at the cost of

synchronization which could be achieved using the schemes proposed in the literature

[74] [75] [76] [77].

To implement the TDMA based medium access control, we further divide each

sleep cycle time instant k into more time slots. During each of the first c of these slots,

each awake node takes turns transmitting its training sequence while all other awake

nodes record their observations. For example, Fig. 3.2 depicts a node transmitting its

training sequence at the first time slot while the other nodes which are awake during

that sleep cycle instant are listening to it. The remaining slots of a sleep cycle time

instant are used for the nodes to exchange estimate information in a manner to be

described momentarily.

Now consider the first sleep cycle. Suppose that node i is awake at sleep cycle

instant k and it transmits its training sequence ui = [ui,1, . . . , ui,M ] during its turn,

where M is the length of the training sequence. Then, each node j ∈ S(k) \ {i}

records its observation. We model the observation rk,j,i,m made for the symbol ui,m

at the node j as a function of the channel gain hi,j of the link between nodes i and j
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Sleep cycle time instant k

Figure 3.2: One of the awake nodes during sleep cycle instant k transmits its training
sequence in the first time slot.

as

rk,j,i,m = hi,jui,m + vk,j,i,m (3.1)

where m ∈ {1, . . . ,M} and vk,j,i,m is noise which is assumed to be spatially and

temporally independent and to be Gaussian distributed with mean zero and variance

σ2
N . Collect all observations made by node j for symbols ui during sleep cycle instant

k into a vector rk,j,i := [rk,j,i,m| m ∈ {1, . . . ,M}] and define the following.

rk,j := [rk,j,i | i ∈ S(k) \ j] (3.2)

rk := [rk,i | i ∈ S(k)] (3.3)

Note that because of the random sleep strategy we use, a node which is awake during

a sleep cycle instant k can gather information about only the links with the other

nodes that are awake at that particular time instant.

Next each node processes the information gathered and disseminates processed

information in the following sleep cycles in hopes of helping other nodes to obtain
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better estimates of the channel gains. How the information is processed or what in-

formation is disseminated at each sleep cycle depends on the collaborative estimation

algorithm used. When the processed information is disseminated, due to the limited

computational abilities we assume that the nodes will take time on the order of the

amount of an entire sleep cycle to decode the information (messages are encoded be-

cause they are to be sent over noisy channels) and to use it to encode any outgoing

information. Therefore, after a few complete sleep cycles a sensor node will only have

an opportunity to obtain information from only those nodes that can be communi-

cated with directly or indirectly(through other nodes) within that number of sleep

cycles. To derive a collaborative estimation algorithm for this problem, we first con-

sider the raw information that would be available at each node after certain number

of sleep cycles if the information were disseminated without processing. Denote the

raw information (the observations) that would be available at node i after ` sleep

cycles with r(T (i, `)), i.e.

r(T (i, `)) := {rk|k ∈ T (i, `)} (3.4)

where we define P(i, `) as the set of nodes j with which node i can communicate

directly or indirectly after ` complete sleep cycles and T (i, `) as

T (i, `) := {k| j ∈ S(k) and j ∈ P(i, `)} (3.5)

Then, after ` complete sleep cycles, each node i estimates its channel gains by

applying Bayesian estimation techniques, which effectively use the prior information

of the channel gains together with the information r(T (i, `)) received from the other

nodes. In particular, each node i computes its MMSE estimates of the channel gains
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as

ĥi =

∫
h ph|r(T (i,`)) dh (3.6)

As we see from (3.6), each node needs the posterior distribution ph|r(T (i,`)) to compute

the MMSE estimates of the channel gains. We derive an algorithm from expectation

propagation (EP) [34, 9, 72] principle in Section 3.3 which provides efficient means

for the nodes to disseminate the information that is needed to compute the posterior

distribution ph|r(T (i,`)) and in turn the channel gain estimates at each node. The prior

information used by this MMSE estimator is due to the path loss effect and we first

show in the next section how one can obtain the prior information on the channel

gains which is due to the path loss effect.

3.2 Prior Information on the Channel Gains

Statistical channel modeling studies have consistently shown that the channel

gain on a link depends on 3 components: path loss, large-scale shadowing and small-

scale fading [78] [79] [80] [81] [82]. The small scale fading phenomenon refers to fast

variations of the received power around a nominal average power which are caused

primarily by the constructive and deconstructive interference of different multipath

components arriving at mobile receiver [83] [84] [82]. This fast fading, which is less

important in immobile scenarios such as the one considered here, can be compensated

for using channel coding if the average link gain dictated by the path loss and large

scale shadowing effects can be determined. The average link gain, henceforth referred

to as the channel gain in this chapter, can in turn be estimated using periodic channel

training on a link by link basis as described in the previous section. Since this average

link gain is primarily determined by the path loss and large scale shadowing effects,

distributions on these quantities obtained by numerous channel measurement cam-

paigns provide significant prior knowledge about the channel gains to be estimated,
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as we point out presently for the path loss component.

Path loss models capture the dependence of the channel gains on the distance

between transmitter and receiver. In particular, in path loss models the channel gain

between two nodes separated by a distance of R is deemed proportional to R−n, where

n is known as the path loss exponent. Many measurement campaigns have shown

that depending on the nature of the ground on which the network lies, the path loss

exponent varies between 2 and 6 [78] [79] [80] [81] [82]. We have chosen a path loss

exponent of 4 for our work, although our analysis is amenable to other exponents and

unknown exponents as well, as simulation results will later show. For the purposes of

prior information for our estimation algorithm, we then model the channel gain hi,j

between two nodes i and j as

hi,j ∝ ‖χi − χj‖−2
2 (3.7)

where χi and χj are the positions of the nodes i and j, respectively.

The influence of this path loss effect has significant implications for channel esti-

mation when viewed from a network standpoint which are far less important when

channel estimation is viewed from a single link perspective (as is traditionally the

case). To see this, observe that if the problem of channel estimation is viewed as a

single node problem, in which each node in the network estimates only those channel

gains incident on it, and then disseminates this knowledge throughout the network,

each network node would be estimating ≤ N − 1 channel gains. The path loss phe-

nomenon dictates that these gains are heavily influenced (together with large scale

shadowing effects) by the positions of the sensor nodes involved, which, if the nodes

are assumed to lie on a flat plain, can be specified using 2N real numbers (e.g. Carte-

sian coordinates). The number of parameters dictating these positions is larger than

the number of channel gains that any one node will estimate in an uncoordinated
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single node approach. Thus, it is unlikely that a path loss model will provide any

useful prior information for channel gain estimation carried out at a single network

node, since this means the number of unknown parameters in the prior (the positions)

is far larger than the number of gains to estimate.

However, when the channel estimation problem is viewed from a global network

coordinated perspective, the situation changes significantly. There are a total of

N(N − 1) (or N(N−1)
2

depending on whether symmetry is assumed) channel gains

throughout the network, while all of the node positions are specified with only 2N

real numbers (Cartesian coordinates). In this instance, the prior information offered

by the path loss phenomenon is significant. Namely, the prevalence of path loss

models dictates that the N(N−1) channel gains are heavily biased (albeit not entirely

determined by) by a model dependent on just 2N parameters (the node positions).

Even for moderate N , that a N(N−1)
2

variate model is largely determined by 2N

parameters is significant. In particular, the path loss phenomenon dictates that the

N(N −1) dimensional vector of all channel gains in the network will live in a set that

is highly concentrated around a 2N dimensional manifold in RN(N−1).

In fact, even if the positions of the nodes are not known, the path loss phenomenon

provides significant prior information for the network channel estimation problem.

To see this, suppose that the nodes are placed randomly and independently of one

another, and these positions are unknown. Then consider two links which are incident

on a common node i. The gains of these two links, hi,j and hi,m, are functions of node

positions (χi,χj) and (χi,χm), respectively. Clearly the random variables hi,j and

hi,m are dependent because they are functions of a common random variable χi. Now,

consider two links that are not incident on a common node. The gains of these links,

hi,j and hm,n, are functions of node positions (χi,χj) and (χm,χn), respectively.

Since hi,j and hm,n are functions of independent variables and these functions do not
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have a random variable in common, they are independent of one another. Thus, in a

path loss dominated regime if the nodes are placed randomly and independently of

one another, and these positions are unknown, any two channel gains incident on a

common network node are statistically dependent. Conversely, any two channel gains

which do not share any common network nodes are statistically independent. This

knowledge may be expressed in terms of a prior distribution for the network channel

gains.

The prior distribution of the channel gains depends on the distribution of the

node positions which governs the random placement of the nodes. For the purpose

of selecting a distribution for the node positions, we specify the random node posi-

tions by Cartesian coordinates in R2 space, the origin of which is taken to be the

position of the common phenomenon. For example, the position of node i is specified

by χi , (xi, yi). We need to keep in mind few things when selecting a suitable dis-

tribution for the coordinates. The random coordinates can take continuous values;

however, practically there must be a minimum separation between any two nodes.

Also ideally, we would want more sensors to be placed near the phenomenon to be

monitored and fewer sensors to be placed far from the phenomenon to be monitored.

Considering these facts, we choose the sensor positions {χ1, . . . ,χN} to be i.i.d. ac-

cording to a Gaussian distribution satisfying a minimum separation between any two

nodes, although other position distributions may be equally viable and will also be

amenable to our analysis. This prior distribution is both analytically complex and

intractable due to the inverse nonlinear dependence on the random node positions.

For that reason, we employ an approximate inference algorithm, EP, to approximate

this distribution with a tractable distribution.

The ultimate aim of this work is to demonstrate that the network channel gains can

be estimated by exploiting this prior information along with the information received
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from standard channel training techniques discussed in the previous section. While

the phenomenon of large scale shadowing also provides significant prior information

which could be exploited in estimating the average link gains throughout the network,

we start for the sake of simplicity with only the prior information afforded by path

loss. As will be evidenced in the simulations, which include both shadowing and

path loss exponent mismatch, significant estimation performance improvement can

be obtained by incorporating prior information into the estimator due to path loss

effects alone.

In the next section, we derive an algorithm from EP which effectively uses this

prior information together with the information obtained from the channel training

to estimate the channel gains (average link gains) in the network.

3.3 Distributed Estimation with Expectation Propagation

The prior information used for this collaborative channel estimation is both an-

alytically complex and intractable because of the inverse nonlinear dependence on

the node positions as in (3.7). EP is applied in this inference problem after approx-

imating the complex nonlinear joint prior distribution for the channel gains with a

Gaussian distribution. Under this Gaussian approximation, exact statistical inference

with belief propagation [32] or expectation propagation can be performed, provided

the associated approximated factor graph, which is to be defined momentarily, is

without loops.

3.3.1 Gaussian Approximation of the Prior Distribution

Presently we provide the specific information about this Gaussian approximation.

We first approximate the distribution of the channel gains in dB with a Gaussian

distribution with the same mean and covariance for tractability. Then we show that
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the distribution of the channel gains in the linear scale can also be approximated to

a Gaussian distribution.

To see this, denote the channel gains in dB with hdB. Suppose that the mean and

covariance of the channel gains in dB are m and Σ, respectively. Then, we can write

the approximate distribution of hdB as

hdB ∼ N (m,Σ)

Furthermore, we can write hdB as

hdB = m + w (3.8)

where w is a random vector with distribution N (0,Σ). We can now write the channel

gains h as

h = 10(m/10 + w/10)

= 10m/10 e(ln(10)/10)w (3.9)

where element-wise operation exp and element-wise multiplication is implied. Ap-

proximating the term e(ln(10)/10)w, the channel gains linear scale h can be written

as

h ≈ 10m/10
(

1 +
ln(10)

10
w
)

(3.10)

Thus the prior distribution of the channel gains can be approximated as

h ∼ N
(

10m/10,
( ln(10)

10

)2

diag(10m/10) Σ diag(10m/10)
)

(3.11)

Even though both the initial log-normal approximation and then the normal approxi-
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mation are very coarse, they make the ultimate inference algorithm tractable. We will

observe in Section 3.5 via simulation that these coarse approximations still provide

sufficient prior information to greatly enhance channel estimate performance over an

algorithm not employing any use of prior information.

3.3.2 Factor Graph and Expectation Propagation

We presently illustrate how EP can be applied to this inference problem under

the Gaussian approximation by associating the inference problem to a probabilistic

graphical model. Suppose that each node i ∈ {1, 2, . . . , N} in the network has an

estimate hi of h and all nodes have the same prior information, i.e. ph(hi) = ph(hj)

for all i, j.

We write a joint distribution indicating the information available to node i after

` complete sleep cycles as

pr(T (i,`)),h,h(P(i,`)) =
∏

k∈T (i,`)

prk|h
∏

j∈P(i,`)

δ(h− hj)(ph(hj))
1
g(`) (3.12)

where δ is the point mass distribution at zero and g(`) = c(c − 1)`(d − 1)` is the

number of sensor nodes with which node i can communicate directly or indirectly

after ` complete sleep cycles. Also, we define h(P(i, `)) as

h(P(i, `)) := {hj|j ∈ P(i, `)} (3.13)

and r(T (i, `)) as in (3.4). Note that in (3.12), we have used the fact that the observa-

tions rk collected at different time instants are independent given the channel gains,

because all of the training sequences in the network are known ahead of time at each

node.

If the posterior distribution p(h(P(i, `))| r(T (i, `))) is approximated by applying
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[ph(h1)]1/7

[ph(h2)]1/7

[ph(h5)]1/7

[ph(h6)]1/7

[ph(h7)]1/7

[ph(h8)]1/7

[ph(h9)]1/7

pr4|h
∏

i=1,2,7,9 δ(h− hi)

pr5|h
∏

i=1,5,6,8 δ(h− hi)

2

Figure 3.3: An example factor graph used for EP based channel estimation with only
one sleep cycle (l = 1)

EP using the set of approximating distributions q(h(P(i, `)) taking the form

q(h(P(i, `)) ∝
∏

j∈P(i,`)

q(hj) (3.14)

with a Gaussian initialization to all q(hj), then the optimal solution for each factor

q(hj) is given by the corresponding marginal of p(h(P(i, `))| r(T (i, `))) [3]. In such a

case, the expectation propagation reduces to the loopy belief propagation as explained

in Section 2.1.3. These optimal solutions, the marginals of p(h(P(i, `))| r(T (i, `))),

can be computed by associating the corresponding joint distribution with a factor

graph [33].

For that reason, we now associate the model in (3.12) with an approximate fac-

tor graph as shown in Fig. 3.3. We will call it an approximate factor graph since
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it represents an approximate joint distribution. Let us represent the sensor nodes

1, . . . , N with the left side nodes (variable nodes) of the factor graph and the time

instants 1, 2, . . . , K of the random sleep cycle with the right side nodes (factor nodes)

of the factor graph. We use an edge to connect the right node i ∈ S(k), which is

awake during the sleep cycle instant k, with kth left node in the factor graph which

corresponds to the kth sleep cycle instant.

Each node in the network, knowing the prior statistics on the channel gains, has

an initial estimate of channel gains hi = mh, where mh = 10m/10. They can update

their estimates by updating the statistics (mean and covariance) of the gains using

the observations they made during the training phase. Once we have associated the

joint distribution on the channel gains h and the observations r with a factor graph

as shown in Fig. 3.3, we can apply EP [9] [72] to compute the posterior distribution

of h. When the conditions for belief propagation (BP) [32] are satisfied, exact sta-

tistical inference with expectation propagation (EP) can be performed, provided the

associated factor graph is without loops.

The computation of the posterior distribution can be described as message passing

on the factor graph as in Section 3.3.3. Equivalently, this computation can be ex-

plained in terms of real information exchange between the sensor nodes as in Section

3.3.4.

3.3.3 Message Passing on Factor Graphs

The computation of these marginals could be described using the sum-product

algorithm [33] which passes messages along the edges of the factor graph to calcu-

late beliefs as described in Section 2.1.2. By a “message” we mean an appropriate

description of the corresponding function and by a “product of messages” we mean

an appropriate description of the product of corresponding functions.
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We next determine an appropriate description for the functions connected to our

factor graph. When the functions connected to the factor graph are from exponential

families (even if from different families), EP enables us to choose the “message” family

from a common exponential family as illustrated in [72]. The functions represented

by the factor graph are the approximated prior joint distribution ph of the channel

gains and the conditional joint distributions prk|h of the observations. Consider first

the approximated prior joint distribution ph which is given by

ph(h) ∝ exp{−1

2
[(h−mh)TΣ−1

h (h−mh)]} (3.15)

where mh is the mean and Σh is the covariance. Consider next the conditional joint

distribution on the observations rk,i collected during sleep cycle instant k at node

i ∈ S(k) which is given by

prk,i|h(rk,i|h) ∝ exp{−1

2
[(rk,i −mrk,i|h)TΣ−1

rk,i|h(rk,i −mrk,i|h)]} (3.16)

where

mrk,i|h := [hi,juj|j ∈ S(k) \ {i}]

Σrk,i|h := σ2
NI(d−1)M×(d−1)M

where σ2
N is noise variance. Since both distributions are exponential family distri-

butions (Gaussian), they can be easily parameterized. This enables us to select the

sufficient statistics of the exponential family distributions to be

v(h) =
(
hy hz h

)T
(3.17)
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where

hy := [h2
i,j|i, j ∈ {1, . . . , N}, i < j] (3.18)

hz := [hi,jhm,n|i, j,m, n ∈ {1, . . . , N}, i < j,m < n,m > i] (3.19)

We can rewrite the prior distribution in terms of parameterization of the message

exponential family as

ph(h) ∝ exp{−1

2
(v(h).τ + mh

TΣ−1
h mh)} (3.20)

where the parameter vector τ is

τ =
(
ay 2az − 2Σ−1

h mh

)T
(3.21)

where Σ−1
h = [ai,j] 1

2
N(N−1)× 1

2
N(N−1) and

ay := [ai,i|i ∈ {1, . . . ,
1

2
N(N − 1)}]

az := [am,n|m,n ∈ {1, . . . ,
1

2
N(N − 1)}, n > m]

We can also rewrite the conditional joint distribution on the observations as

prk,i|h(rk,i|h) ∝ exp{− 1

2σ2
N

(v(h).tk,i + rTk,irk,i)} (3.22)

where

tk,i =
(
νk,i 0 µk,i

)T
(3.23)
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where

νk,i := [uTnunδ(i−m)δ(j − n)|m,n ∈ {1, . . . , N},

m < n if i < j,m > n if i > j, j ∈ S(k) \ {i}]

µk,i := [−2uTnrk,m,nδ(i−m)δ(j − n)|m,n ∈ {1, . . . , N},

m < n if i < j,m > n if i > j, j ∈ S(k) \ {i}]

Here note that each vector in tk,i is of the same length as the corresponding vectors

in v(h).

It is useful to note an important property of exponential family distributions

before we continue. Consider a set of distributions {pθi|h| i ∈ {1, . . . , L}}, in which

each distribution takes the form

pθi|h ∝ exp{−1

2
[v(h).fi(θi)−wi(θi)]} ∀i ∈ {1, . . . , L} (3.24)

Then, the product of the distributions can be written as

L∏

i=1

pθi|h ∝ exp{−1

2
[v(h).

L∑

i=1

fi(θi)]} (3.25)

This special property of the exponential family distribution makes the calculation

of the messages easy. In particular, the appropriate description of the product of

messages (functions) is the summation of the parameters of corresponding function.

Thus, variable node i computes the message φ
(p)
i→k to factor node k during sleep cycle

p in terms of the messages ϕ
(p−1)
k′→i received from the factor nodes during sleep cycle

p− 1 as

φ
(p)
i→k =

∑

k′∈N (i)\{k}

ϕ
(p−1)
k′→i (3.26)
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where N (i) := {k|i ∈ S(k)}. Factor node k computes the message ϕ
(p)
k→i to variable

node i during sleep cycle p in terms of the messages φ
(p−1)
i′→k received from the variables

nodes during sleep cycle p− 1 and the corresponding factor as

ϕ
(p)
k→i = tk +

∑

i′∈S(k)\{i}

φ
(p−1)
i′→k (3.27)

where tk :=
∑

i∈S(k) tk,i and tk,i is defined in (3.23). The number of iterations ` that

EP is to be run is decided ahead of time and the message passing is initialized by set-

ting φ
(0)
i→k = τ/g(`). At the final iteration, variable node i sums its incoming messages

to get the parameters corresponding to the approximated posterior distribution. We

explained the computation of the posterior distribution on the factor graph treating

the factor nodes as if they were processors. Although this is mathematically correct,

there are no such processors in reality. Since all the processors are located at the

sensor nodes in reality, it is interesting to see the exchange of information between

the sensor nodes during the computation of the posterior distribution.

3.3.4 Information Exchange between the Sensor Nodes

We presently describe the information exchange that occurs between the sensor

nodes during the computation of the posterior distribution. Each node initializes

the parameter vector τ of the prior distribution ph(h) to the values in (3.21). Also,

each node i initializes the N(N−1)
2

vector µk,i in (3.23) to all zeros. The remaining

vectors in (3.23) need not be initialized or passed during message passing, because

the parameters corresponding to the vector hy in v(h) involve only the training

sequences which are already available at each node. Thus, each node can calculate

the parameters corresponding to the vectors hy and hz using the information available

at the node.

During the first sleep cycle p = 1, during each sleep cycle instant k each node
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i ∈ S(k) calculates −2uTj rk,i,j for each other awake node j ∈ S(k) \ {i}, and adds it

to the appropriate element of the vector µk,i.

[µk,i]i,j = [µk,i]i,j − 2uTj rk,i,j (3.28)

Here, by [µk,i]i,j we mean the element corresponding to node j (corresponding to the

channel gain hi,j) in the vector µk,i. At every iteration p and every sleep cycle instant

k, the awake nodes i ∈ S(k) multiply prk,i|h with the functions corresponding to the

messages obtained in all of the other c − 1 sleep cycle time instants (N (i) \ {k}) it

was awake during the previous (p− 1)th sleep cycle to obtain the outgoing message.

Since all the functions are from the same exponential family with sufficient statistics

v(h), when the messages are multiplied the parameters of the messages sum up as

explained above. Each node then passes the parameters corresponding to the product

of the functions. Furthermore, nodes need to pass only the vectors µk,i because each

node can calculate the other vectors based on the information available at the node.

Thus, the nodes i ∈ S(k) sum µk,i with the vectors λ
(p−1)
k′→i to obtain ρ

(p)
i→k.

ρ
(p)
i→k = µk,i +

∑

k′∈N (i)\{k}

λ
(p−1)
k′→i (3.29)

The N(N−1)
2

dimensional vector ρ
(p)
i→k is then broadcast to all other awake nodes.

Each node i ∈ S(k) then sums the d − 1 messages ρ
(p)
j→k it heard from the other

awake nodes j ∈ S(k) \ {i} with µk,i, and stores the result in λ
(p)
k→i.

λpk→i = µk,i +
∑

i′∈S(k)\{i}

ρpi′→k (3.30)

At the final iteration, node i sums λ
(p)
k→i from k in all c sleep cycle instants it was

awake, adds it to τ , and multiplies the result by the (offline computed N(N−1)
2
×N(N−1)

2



59

dimensional) new covariance matrix formed from the training data to get its estimate.

We summarize this algorithm below.

• Initialize µk,i to all zeros and τ as in (3.21)

• During the 1st sleep cycle p = 1 and each sleep cycle instant k, at each

node i ∈ S(k) calculate [µk,i]i,j as in (3.28).

• During sleep cycle 1 ≤ p ≤ `−1 and each sleep cycle instant k, at each

node i ∈ S(k) repeat:

– Calculate the message ρ
(p)
i→k as in (3.29) and broadcast it.

– Sum the messages ρ
(p)
j→k received from nodes j ∈ S(k) \ {i} with

µk,i as in (3.30) to get λpk→i and go to sleep.

• At final sleep cycle p = `, at node i:

Sum λ
(p)
k→i from k ∈ N (i), add to τ and multiply with the new covari-

ance matrix to get the estimate.

3.3.5 Convergence and Sensitivity of the Algorithm

Having described the EP based algorithm for distributed estimation of channel

gains, we next discuss the convergence properties and its sensitivity to node failures.

As it was discussed in Section 3.1, after ` complete sleep cycles each (variable) node

i will have communicated with nodes up to 2` edges away from it in the factor

graph. For any finite number of iterations `, as the number of nodes N → ∞ the

subgraph which has root at i and contains the nodes no more than 2` edges away from

i becomes a tree with probability → 1 [85] [72]. When applied for an appropriate

finite number of iterations in such a case, our algorithm converges to the approximate

posterior distribution of the channel gains given the observations at nodes no more

than 2` edges away from node i, because after approximating the prior distribution
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this equivalent to applying BP and it is well known that BP converges on trees [32]

[33].

Under this convergence assumption (which is the case for larger networks), we

now examine the robustness of our algorithm to node failures. Consider the subgraph

(tree) which has root at node i and contains the nodes no more than 2` edges away

from i. Suppose that one of the internal nodes in the tree has failed. This node

failure results in a situation in which node i cannot exploit the observations of those

nodes which should be communicated with through the failed node. However, as it

can be seen from the discussion in Section 3.3.4, the information exchange between

the sensor nodes will continue until the algorithm converges to a solution which is

less accurate than it would have been otherwise.

3.4 Distributed Estimation with Diffusion LMS

Since the ultimate aim of this work is to demonstrate that the prior information

can be effectively used to estimate network channel gains, we compare the perfor-

mance of our EP based estimation algorithm with an another algorithm, the diffusion

LMS [4], which does not make use of the prior distribution. The diffusion LMS uses

only the observations made during the training phase to estimate the channel gains.

Suppose that each node has a copy of the channel gain vector h and it takes an

initial value of mh. If node i transmits its training sequence during a sleep cycle

instant k, then all other nodes which are awake during the sleep cycle instant k have

access to {ui,m, rk,i′,i,m} where i′ ∈ S(k) \ {i} and ui,m is the input regression signal

and rk,i′,i,m is the desired signal. Note that ui,m and rk,i′,i,m obey the equation

rk,i′,i,m = hi,i′ui,m + vk,i′,i,m
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The network nodes i′ ∈ S(k) \ {i} can use the diffusion LMS algorithm [4] to

estimate hi,i′ . Denote the estimate of hi,i′ at time instant m of sleep cycle instant k

by ĥk,mi,i′ . Then,

ĥk,mi,i′ = ĥk,m−1
i,i′ + µui,m(rk,i′,i,m − ĥk,m−1

i,i′ ui,m) (3.31)

where µ is the step size.

At the end of each sleep cycle instant k, the nodes that are awake diffuse their

estimates to get the combined estimate h̃k as

h̃k =
∑

i∈S(k)

a(k, i)ĥki (3.32)

where ĥki is the estimate of h at node i at the end of the sleep cycle instant k and

a(k, i) satisfy
∑

i∈S(k) a(k, i) = 1. The nodes i ∈ S(k) use the combined estimate h̃k

for estimation during the later sleep cycle instants.

We summarize this algorithm below.

• At each node i, initialize ĥi to mh

• During each sleep cycle and sleep cycle instant k, at each node i ∈ S(k)

repeat:

– For all i′ ∈ S(k) \ {i} calculate estimate ĥk,mi,i′ as in (3.31).

– At the end of sleep cycle instant k, diffuse the estimate to get h̃k

as in (3.32).

3.5 Simulation Results

We have simulated the algorithms described in the previous sections to estimate

the channel gains in a network and have plotted the estimation errors for both al-

gorithms. We describe the experiment and present the results in this section. In
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our experiment, we estimate the channel gain vector h for a network with 20 sensors

applying EP and LMS. We selected a moderate size (20 nodes) network for our sim-

ulations, because testbeds on which initial studies can be done consist of nodes on

the order of 10 [86]. The network is formed as described below. Candidate sensor

positions are generated on the plane R2 such that they are i.i.d. and Gaussian dis-

tributed with mean zero and variance 1. These candidate sensor positions are then

refined to actual sensor positions by keeping only those positions that are 0.08 apart

from one another, because when the separation is less than 0.08 the channel gains

become unrealistically large. A random sleep strategy with K = 10 and d = 4 is

applied to this network, where the value of d is selected by simulating the algorithm

for different values of d for fixed N,K and by choosing the one which gives better

estimation error performance.

Although the diffusion LMS does not require the statistics of these channel gains

for operation, EP requires the statistics for the estimation of these channel gains. As

discussed in Section 3.2, the joint prior distribution of the channel gains is analyt-

ically complex and intractable. Thus, we empirically calculate the statistics (mean

and covariance matrix) of the channel gains using many channel gains generated by

plugging in sensor positions in the equation obtained by applying proportionality con-

stant 1 to (3.7). Then, we generate a new set of channel gains as described in Section

3.5.1 to test the algorithms with. Next, we generate the BPSK training sequences of

length 1000 randomly and uniformly. We run 1000 Monte Carlo simulations for each

algorithm using a noise variance of σ2
N = 1 for this experiment.

Due to the random sleep strategy and to the local nature of both algorithms,

after ` iterations the observations made at a particular network node can propagate

to the nodes only up to 2` edges away from that node in the factor graph. Thus, after

` iterations each node will have observed information (either directly or indirectly)
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about only a subset of the network links and this subset differs for each node. To plot

the average estimation error we consider only these subsets of links, because including

the estimation errors of those channels unobserved gives large average estimation

errors since the nodes cannot make good estimates of the unobserved channels unless

the correlations between the channels incident on the same node is very (physically

unrealistically) large. Say node i has information about subset hi,` of links after `

iterations. Then, we calculate the average squared estimation error first by averaging

the squared estimation errors of hi,` at each node i and then averaging over all nodes.

Note that, here ` can be chosen independently from the number of iterations that we

run the algorithm and hi,`1 ⊆ hi,`2 for `1 ≤ `2. Thus, one may consider different such

hi,` (each corresponds to different `) at each node i and plot the average estimation

error. For simplicity, we consider the subsets hi,` only for ` = 1, 2, 3 and plot the

average estimation errors in Section 3.5.1. We call each of these cases ’Case 1’, ’Case

2’ and ’Case 3’, respectively.

3.5.1 Comparison of EP and Diffusion LMS

We now simulate EP and the diffusion LMS and compare the performance of the

two algorithms. Using these simulations, we show that although EP utilizes a path

loss model it is also robust to the shadowing effects in the channel gains.

We do not consider the fading effects here, because fading is less important in

immobile scenarios such as the one considered here and any multipath effects caused

by the fixed reflectors can be included in the log-normal shadowing. Thus, we generate

the channel gains to be estimated with path loss and log-normal shadowing effects.

The shadowing effect is included in the channel gains by first generating gains as

described above, and, then adding a Gaussian variable distributed N (0, 18.5) to the

associated power in dB.
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Figure 3.4: Average squared estimation error of only those channel gains observed
directly or indirectly by the nodes after 1st, 2nd and 3rd sleep cycles

Fig. 3.4(a) shows the average squared estimation error of the observed channel

gains in dB when EP is applied. Interestingly, even with the Gaussian approximation
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of the joint prior distribution and inclusion of shadowing effects, EP yields impressive

estimation error performance for estimation of the true channel gains. Note that

there is a drastic change in the average estimation error after first sleep cycle for

’Case 1’ since these links were observed by the nodes directly. Also note that the

drastic change shifts to the second sleep cycle and third sleep cycle for ‘Case 2’ and

’Case 3’, respectively, as is to be expected. The estimation errors continue to decrease

even after this initial drastic change because the nodes make use of the correlation

with the other channel gains observed in subsequent iterations to refine estimates of

these particular channel gains.

Fig. 3.4(b) shows the average squared error of the estimated channel gains when

diffusion LMS is used with step size µ = 1. This step size was chosen to be the

maximum step size for which the diffusion LMS does not diverge in order to give the

algorithm the chance to converge as quickly as possible, since EP converges faster.

Note that EP gives better performance than the diffusion LMS when the network is

required to estimate the channel coefficients within a small number of sleep cycles.

3.5.2 Mismatch of Path loss Exponent

The presented EP channel estimation algorithm can still be used to estimate the

channel gains with small errors even if the actual path loss exponent differs by a small

range of values from the path loss exponent used in the prior distribution. To show

this, we generate the prior statistics with path loss exponent 4 and the channel gains

to be estimated as described in Section 3.5.1 but with path loss exponent 6. Fig. 3.5

shows the average estimation error when EP is applied for this experiment and proves

that our algorithm is robust to path loss exponent mismatch between 4 and 6 when

the nodes are placed i.i.d. according to a Gaussian distribution.
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Figure 3.5: Average squared estimation error when EP (uses path loss exponent 4) is
applied to estimate channel gains having path loss exponent 6

3.6 Computational Complexity, Message Passing Overhead and Memory

Requirement

As we developed a low-complexity collaborative estimation algorithm with less

attention to communication, it is important to provide the computational computa-

tional complexity of the algorithm. In this section in addition to providing computa-

tional complexity, we provide the number of messages that are to be passed between

the nodes and the number of memory required for both algorithms during distributed

estimation of channel gains.

3.6.1 Computational Complexity of EP and diffusion LMS

We calculate the number of computations required for each algorithm based on the

expressions given in Section 3.3.4 and Section 3.4. We first consider the computational

complexity of EP.
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Table 3.1: Computational complexity, message passing overhead and memory require-
ments

EP Diffusion LMS

Computational

complexity

(per P cycles)

Additions Kd(d− 1)(M + 1) PKd
(

2(d− 1)M + dN(N−1)
2

)

+PK(dc+ d2)N(N−1)
2

+N2(N−1)
2

(
c+ N(N−1)

2

)

Multiplications Kd(d− 1)M +N
(
N(N−1)

2

)2

PKd(d− 1)
(

2M + N(N−1)
2

)

Message passing

overhead KdN(N−1)
2

KdN(N−1)
2

(per sleep cycle)

Memory N(N−1)(N2−N+2c+5)
4

+MN N(N−1)
2

+MN

requirement

The computations related to the parameters of the prior distribution ph(h) are

done offline. Each instance of (3.28) requires M multiplications and M + 1 additions,

and is run in each of d nodes for d − 1 other nodes in each sleep cycle instant in

the first iteration, giving a total of d(d − 1)M multiplications and d(d − 1)(M + 1)

additions spent in (3.28) per sleep cycle instant in the first iteration (over the whole

network). Each instance of (3.29) requires cN(N−1)
2

additions, and is run in each of d

nodes in each sleep cycle instant, giving a total of dcN(N−1)
2

additions spent in (3.29)

in each sleep cycle instant (over the whole network). Each instance of (3.30) requires

dN(N−1)
2

additions, and is run in each of d nodes in each sleep cycle instant, giving a

total of d2N(N−1)
2

additions spent in (3.29) in each sleep cycle instant (over the whole

network).

Finally, the final iteration requires each of N nodes to perform (c + 1)N(N−1)
2



68

additions, then multiplication of a matrix times a vector requiring
[N(N−1)

2

]2
multi-

plications and N(N−1)
2

[N(N−1)
2
− 1
]

additions. This gives a total of N
[
(c+ 1)N(N−1)

2
+

N(N−1)
2

(N(N−1)
2
−1
)]

additions and N
[N(N−1)

2

]2
multiplications over the entire network

during the last iteration.

For the diffusion LMS, (3.31) is run during each sleep cycle instant k at each

awake node i ∈ S(k) for every other awake node i′ ∈ S(k) \ {i} for each training

instant m ∈ {1, . . . ,M}. One calculation of (3.31) consists of two multiplications

and two additions. Thus, 2d(d− 1)M multiplications and 2d(d− 1)M additions are

spent in each sleep cycle time instant on calculations of the form (3.31). Then the

nodes diffuse the estimates and calculate (3.32). This involves dN(N−1)
2

multiplications

and (d − 1)N(N−1)
2

additions in each of d sensor nodes, giving a total of d2N(N−1)
2

multiplications and d(d − 1)N(N−1)
2

additions spent on calculations for (3.32) per

sleep cycle time instant.

If a total of P sleep cycles are performed, required number of additions and mul-

tiplications over the entire network for EP and diffusion LMS are given in Table

3.1.

3.6.2 Message Passing Overhead for EP and diffusion LMS

A significant portion of the power in the nodes is expended on internode commu-

nication and this heavily depends on the message passing overhead. Thus we compute

the message passing overhead of algorithms in this subsection.

The message passing overhead for EP can be calculated by analyzing the message

exponential family. Although the sufficient statistics vector v(h) of the message

exponential family has a dimension of 2 N(N−1)
2

+ [N(N−1)−1][N(N−1)]
8

, each node i needs

to pass only N(N−1)
2

parameters µk,i which are corresponding to the vector h in v(h)

in (3.17). The parameters corresponding to the vector hy in v(h) in (3.17) involve
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only the training sequences that are already available at each node. Similarly, the

parameters corresponding to hz in v(h) in (3.17) involve only the elements of the

covariance matrix Σh of the prior distribution. Thus, each node can calculate the

parameters corresponding to the vectors hy and hz using the internal information.

Thus, the number of messages required to be passed for EP during a complete sleep

cycle is KdN(N−1)
2

.

When the diffusion LMS is applied to the channel gain estimation, each node

calculates its own estimates and, then, diffuses its estimates at the end of the sleep

cycle instant. Thus, the message passing overhead for the diffusion LMS is simply the

number of channel gains in the network. The total message passing overhead for the

diffusion LMS is KdN(N−1)
2

per sleep cycle. Thus, the total message passing overhead

is exactly the same for both algorithms.

One might argue that not all N(N−1)
2

parameters in the vectors need to be passed,

because when EP is applied many elements in µk,i are zero and when diffusion LMS

is applied many elements in ĥki remain unchanged. However, if one wants to take the

zero and unchanged elements into account to reduce the message passing overhead,

one must keep track of the elements that change and perform some indexing when he

passes messages. Thus, clearly there is a trade off between reduction in the number

of parameters that are passed and increment in the number of computations. It is

unclear whether there is any saving on the energy consumption at the nodes from

such a practice. For that reason, we pass all N(N−1)
2

parameters in the vectors.

3.6.3 Memory Requirement

It is also important to analyze memory requirement of the algorithms, because

in some applications memory is limited. We first calculate the memory requirement

for EP. When EP is employed for channel gain estimation, some parameters are
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calculated offline and stored in the sensor nodes while the rest of the parameters are

calculated and stored online. First, consider the offline computed parameters. Each

node requires storing information on the prior distribution and the training sequences

of all nodes. The storage of the parameter vector τ and the training sequences u =

{ui|i ∈ {1, . . . , N}} requires N(N−1)(N2−N+6)
8

and MN memory locations, respectively.

Also, each node initializes the vector µk,i to all zeros which requires N(N−1)
2

memory

locations. Furthermore, at the final iteration each node utilizes a offline computed

N(N−1)
2
× N(N−1)

2
matrix to calculate its estimate. Since this is a symmetric matrix,

this requires N2(N−1)2

8
memory locations at each node. When EP is run, each node will

allocate memory to store messages that are to be received during different sleep cycle

instants. This will require cN(N−1)
2

memory locations at each node. Thus, when EP

is employed each node requires a total of N(N−1)(N2−N+2c+5)
4

+MN memory locations.

When diffusion LMS is employed, each node initializes the estimates and stores the

training sequence offline. The initialization of the estimates require N(N−1)
2

memory

locations while the storage of the training sequence requires MN memory locations.

The diffusion LMS does not require any additional memory when the algorithm is in

progress. Thus, the diffusion LMS requires a total of N(N−1)
2

+MN memory locations

at each node.

Table 3.1 summarizes the results derived in Section 3.6.

3.7 Conclusions

We considered a distributed channel estimation problem in a sensor network which

employs a random sleep strategy to conserve energy. We modeled the channel gains in

the network using a path loss model and gathered information about these channels

using channel sounding. We derived a low-complexity collaborative estimation algo-

rithm for this problem from expectation propagation (EP) principle which provides
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efficient means for the nodes to disseminate the information required to compute

MMSE estimates at each node.

We compared the performance of EP based algorithm with the diffusion LMS and

showed EP gives a better estimation error performance using the simulation results.

We also proved that although our algorithm utilizes a path loss model with an a

priori fixed path loss exponent, it is robust to shadowing effects and variation of path

loss exponents. Finally, we compared the message passing overhead, computational

complexity, and memory requirements of both algorithms.
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4. Low-Communication Collaborative Estimation Algorithms

In the previous chapter we discussed about reducing transmission power in wire-

less sensor networks through efficient communication strategies. The power spent on

communication can be further reduced by efficiently representing the information ex-

changed between the nodes while achieving the desired estimation error performances

at the nodes. The tools from distributed source coding theory can be applied to de-

velop algorithms that efficiently represent information exchanged while paying less

attention to complexity. We study such low-communication collaborative estimation

algorithms in this chapter.

To study such an algorithm, consider a network of nodes deployed to monitor a

common phenomenon. Each node in the network making indirect observations of the

common phenomenon communicates with the other nodes and estimates the com-

mon phenomenon with a certain estimation error performance (Bayesian cost). We

study collaborative estimation schemes that can efficiently encode/decode informa-

tion exchanged between the nodes without any constraints on the complexity [87].

In particular, we study such collaborative estimation schemes which accomplish this

with separated network/channel and source coding.

Our first insight, made in Section 4.2, is that under this decomposition the proper

source coding model reflecting the capabilities of the network code is one in which

each node multicasts a different message to every possible subset of other nodes in

the network. For example, in the lowest dimensional M = 3 nontrivial case, each

node will create multiple descriptions of its observations, one for each of the other

two nodes in the network individually, and one for both of them as shown in Fig. 4.1.

We employ a classic technique from multiterminal information theory [39] [16] to

study the relationship between the rates of the source code used, and the estimation
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Figure 4.1: The “peace” network, which depicts the lowest dimensional M = 3 non-
trivial case of the problem of collaborative distributed estimation. To determine the
direction of travel of a message, note that the messages flow in the direction in which
they are read.

errors that each of the nodes can obtain in estimating the common phenomenon.

The rate distortion region explains the relationship between the length in bits of the

different messages multicast between the nodes and the estimation errors (measured

in terms of average costs for Bayesian estimation) that decoder/estimators at these

nodes can obtain. We derive inner and outer bounds to the rate distortion region and

show that our inner bound simplifies to the known bounds for some simpler problems.

4.1 Problem Formulation

Consider a network of M nodes deployed to monitor a common phenomenon

embodied by a sequence of random variables T (n). Each node j ∈ [M ] in the

network makes indirect observations of this phenomenon, embodied as another se-

quence of random variables Y
(n)
j statistically related to T (n). Let the sequence

(
T (n), Y

(n)
1 , . . . , Y

(n)
M

)
be i.i.d. according to joint probability distribution pT,Y1,...,YM .

The source encoder at each node j encodes its observations Y j into a common
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message Qj→A ∈ {1, 2, . . . , 2NRj→A} to each of the nodes with indices in some subsetA

of the other nodes using an average of Rj→A bits per observation symbol. A different

such message is encoded at each node j for each such subset A ⊆ [M ] \ j, and then

reliably multicasted (e.g. with the aid of some channel and network codes) to the

nodes in A.

We employ a classic technique from multiterminal information theory [39] [16]

to study the relationship between the rates {Rj→A | j ∈ [M ], A ∈ 2[M ]\j} of the

source code used, and the estimation errors Dj that each of the nodes can obtain

in estimating the sequence T (n), n ∈ [N ] from their own observations Y j and the

messages QDj :=
[
Qi→A

∣∣j ∈ A, A ∈ 2[M ]\i ] they have received.

The vector (r,d) of multicast rates r :=
[
Rj→A

∣∣j ∈ [M ],A ∈ 2[M ]\j ] and average

estimation errors d := [Dj |j ∈ [M ] ] is said to be achievable if there exist block length

N , encoders

fj→A : Yj → [Lj→A], ∀ A ⊆ [M ] \ j, j ∈ [M ] (4.1)

and decoders

gi : Y i ×
∏

(j→A)∈Di

[Lj→A]→ T̂ i, ∀ i ∈ [M ] (4.2)

with T̂ i = gi(Y i, QDi) such that

Rj→A ≥
1

N
log2 Lj→A, ∀ A ⊆ [M ] \ j, j ∈ [M ] (4.3)

and

E

[
1

N

N∑

n=1

di(T
(n), T̂

(n)
i )

]
≤ Di, ∀ i ∈ [M ] (4.4)

The rate distortion region RD for this problem is defined as the closure of the region

of achievable vectors (r,d).
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Figure 4.2: This network demonstrates that considering a source code at node 1 which
only encodes a dedicated message to node 2 and a dedicated message to node 3 is
not general enough. Instead, the source encoder at node 1 should encode a separate
message for each possible subset of other nodes in the network.

4.2 Distributed Estimation and Multiterminal Source Coding

As outlined in the introduction, suppose we aim to separate the source coding part

of the distributed estimation problem from the network/channel coding part, despite

the fact that such a separation may be suboptimal. Here we argue that the best model

for the distributed source code is one in which each encoder multicasts a message to

each subset of other nodes in the network, rather than sending an individual message

to each other node in the network.

To see that such a model is the appropriate one, consider a simple wired net-

work depicted in Fig. 4.2 in which three nodes (1, 2, 3) making local observations

Y
(n)

1 , Y
(n)

2 , Y
(n)

3 statistically related to a common underlying sequence T (n) would

like to communicate over the butterfly network in order to form local estimates

T̂
(n)
1 , T̂

(n)
2 , T̂

(n)
3 of T (n). Because of the unidirectionality of the links, only node 1

may transmit information. Suppose further that the observations at node 2 and 3



76

are statistically identical and the distortion metrics are the same, and we wish to

obtain the same target average estimation error D2 = D3 at the two nodes. If node

1 encodes a separate message for node 2 and node 3, then it would suffice to take

these two messages to be the same in this symmetric case. However, the network

code can not know this, because we have forced the source coding construction to

have a separate message for each of nodes 2 and 3. Thus, the network code is forced

to attempt to transmit two unicasts, one between 1 and 2 with rate R1→2, and one in

between 1 and 3 with rate R1→3. If each link in the network is unit capacity, and the

network code is forced to treat the information flowing in between nodes 1 and 2 as

independently unicast from the unicast between 1 and 3, then the highest symmetric

rate R = R1→2 = R1→3 which can be obtained is 3/2. However, had we chosen our

source code as outputting three messages Q1→2, Q1→3, Q1→2,3, so that we included one

which was multicast from 1 to both 2 and 3, then the network code could support a

symmetric rate of R1→2,3 = 2 [88]. This would not send any unicast information at

all R1→2 = R1→3 = 0. This way 33% more useful information flows from 1 to 2 and

3 as would have had we required only unicasts, and the distortion obtained at nodes

2 and 3 will thus be lower.

A similar conclusion concerning the insufficiency of a distributed source code cre-

ating unicasts in this context of networked estimation can be drawn in a wireless

context as well. In particular, consider the network depicted in Fig. 4.3 in which

node 1 transmits a signal which is overheard by both 2 and 3, through independent

Gaussian noise of differing powers, so that the received signal to noise power ratio at

node 2 is lower than that at node 3. The capacity region of such a degraded broadcast

channel is known, and a channel code can be constructed which reliably transmits

the multicast messages Q1→2, Q1→3, Q1→2,3 of rates R1→2, R1→3, R1→2,3 respectively if
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Figure 4.3: Due to the broadcast nature of the wireless medium, an appropriate
source coding model for collaborative inference over a wireless channel should involve
communication with subsets of other users rather than only point to point commu-
nication.

there is some α ∈ [0, 1] such that

R1→2 +R1→2,3 <
1

2
log2

(
1 +

(1− α)PT
αPT +N2

)
(4.5)

R1→3 <
1

2
log2

(
1 + α

PT
N3

)
(4.6)

If we again consider the application goal of the network for 1 to transmit informa-

tion in order to help 2 and 3 with their estimation problems, and consider the special

case that the local observations at 2 and 3 are statistically identical, then clearly the

use of multicast messages (as opposed to unicast messages alone) is desirable. This

is because any information sent to node 2 can also be heard at node 3 with no extra

cost in information, and thus our source code ought to exploit this capability of the

channel code.

From these two simple examples we can easily infer that a proper separated source

and network/channel coding approach treats the source code within network node i

as producing an array of 2M−1 multicast messages, with one message Qi→A for each

subset A ⊆ [M ] \ i. The capabilities of the possible network/channel codes are then
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summarized by a region C of vectors of such multicast rates

r := [Rj→A |j ∈ [M ], A ⊆ [M ] \ j ] (4.7)

which are simultaneously supportable by the network infrastructure. The capabilities

of the possible source codes are summarized by a rate distortion region RD describing

the set of simultaneously achievable multicast rates r and average estimation errors

d := [Di|i ∈ [M ]] , Di :=
1

N

N∑

n=1

E
[
di

(
T (n), T̂

(n)
i

)]
(4.8)

An overall source channel code achieving average estimation errors lower than d is

selected by choosing a rate vector r that is in both C and also in RD, i.e. with

(r,d) ∈ RD. We now focus our efforts on characterizing the rate distortion region

for the associated family of source codes we have selected.

4.3 Inner and Outer Bounds to the Rate Distortion Region

We derive inner and outer bounds to the rate distortion region in this section. To

do this, denote the set of message indices leaving node i by Si :=
{

(i→ A) | A ∈ 2[M ]\i}

and the set {Ui→A | A ∈ 2[M ]\i} as USi . If we define S :=
⋃
i∈[M ] Si, then we have the

following theorem.

4.3.1 Inner Bound

Theorem 1:

Given a joint distribution pT,Y[M ]
(t, y[M ]), let Ξ(d) be the collection of random vec-

tors ξ = US which are jointly distributed with T and Y[M ] such that the following

conditions are satisfied

1. T, Y[M ]\i, US\Si ↔ Yi ↔ USi for all i ∈ [M ]



79

2. There exists a decoding function gi : UDi×Yi → T̂i such that E [di(T, gi(UDi , Yi))] ≤

Di for all i ∈ [M ]

For each ξ ∈ Ξ(d), define Φ(ξ) as

Φ(ξ) =
{
R̃S :

∑

(j→A)∈Pj

R̃j→A >
∑

(j→A)∈Pj

H(Uj→A)−H(UPj |Yj), ∀ Pj ⊆ Sj, j ∈ [M ]
}

(4.9)

Also, for each ξ ∈ Ξ(d) and for each φ ∈ Φ(ξ), define RDin(ξ,φ) as

RDin(ξ,φ) =
{
RS :

∑

(j→A)∈Ci

Rj→A ≥
∑

(j→A)∈Ci

(
R̃j→A −H(Uj→A)

)

+H(UCi |UDi\Ci , Yi), ∀ Ci ⊆ Di, i ∈ [M ]
}

(4.10)

Let

RDin :=
⋃

ξ∈Ξ(d)

⋃

φ∈Φ(ξ)

RDin(ξ,φ) (4.11)

Then, the convex hull conv (RDin) of RDin is an inner bound to the rate distortion

region, i.e. conv (RDin) ⊆ RD.

Sketch of the Proof

This result is an adaptation of a well known inner bound in the multiterminal

source coding community known as the Berger-Tung inner bound, as clarified by Han

and Kobayashi [39], with the twist that the multiple (dependent) descriptions at each

encoder require an additional set of encoder inequalities. A sketch of the proof is

provided here and a detailed proof is provided in Appendix A.

Distribution of Auxiliary Variables:

Select a joint conditional distribution p
(
uS
∣∣ t, y[M ]

)
, a set of encoding functions
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{fj→A | (j → A) ∈ S } and a set of decoding functions {gi | i ∈ [M ]} such that the

rates RS are in RDin. Calculate the marginal distributions p(uj→A).

Codebook Generation:

At each node j ∈ [M ], for each subset of nodes A ⊆ 2[M ]\j, generate a codebook Cj→A

with 2NR̃j→A length-N codewords by randomly drawing the elements such that they

are i.i.d. according to the distribution p(uj→A) and rates R̃j→A satisfy

∑

(j→A)∈Pj

R̃j→A >
∑

(j→A)∈Pj

H(Uj→A)−H(UPj |Yj), ∀ Pj ⊆ Sj (4.12)

Index the codewords by mj→A ∈ {1, . . . , 2NR̃j→A}. Partition the codewords into

2NRj→A bins by randomly and uniformly assigning the indices to the bins. Index

the bins by bj→A ∈ {1, . . . , 2NRj→A} and denote the set of codewords in bin bj→A by

Bj→A(bj→A).

Encoding:

At each node j ∈ [M ], encode the observation sequence Y j by selecting one code-

word U j→A(mj→A) from each codebook Cj→A, for each (j → A) ∈ Sj}, such that
(
USj(mSj), Y j

)
∈ A∗ε(USj , Yj), where A∗ε is the set of strongly typical sequences. If

there are more than one such USj(mSj), select the codewords with the smallest in-

dices under lexicographic ordering. If there is no such USj(mSj), select an arbitrary

set of codewords. For each subset of nodes A ⊆ 2[M ]\j, send the index bj→A of the

bin that contains U j→A(mj→A) to the nodes in A, i.e. U j→A(mj→A) ∈ Bj→A(bj→A).

This requires Rj→A bits to multicast a message to a subset of nodes A ⊆ 2[M ]\j.

Decoding:
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At each node i ∈ [M ], decode the messages received at the node by selecting the code-

wordU j→A(`j→A) in bin Bj→A(bj→A) for each (j → A) ∈ Di such that (UDi(`Di),Y i) ∈

A∗ε (UDi , Yi), where UDi , (Uj→A)(j→A)∈Di . If there is no such a set of codewords,

select an arbitrary set of codewords. Reproduce the underlying sequence T by

T̂ i = gi (Y i,UDi(`Di)). �

4.3.2 Outer Bound

We next present our outer bound.

Theorem 2:

Given a joint distribution pT,Y[M ]
(t, y[M ]), let Ψ be the collection of random vectors

ψ =
(
W[M ], ZS

)
which are jointly distributed with T and Y[M ] such that the following

conditions are satisfied

1. T, Y[M ]\j ↔ Yj ↔ Zj→A for all j ∈ [M ] and (j → A) ∈ S

2. p
(
t, y[M ], w[M ]

)
= p

(
t, y[M ]

)
p
(
w[M ]

)

3. There exists a decoding function gi : Yi ×Wi ×ZDi → T̂i such that

E[di(T, gi(Yi,Wi, ZDi))] ≤ Di for all i ∈ [M ]

Let

RDout(ψ) ,



RS

∣∣∣∣∣∣
∑

(j→A)∈Ci

Rj→A ≥ I
(
Y[M ]\i;ZCi

∣∣ Yi,Wi, ZDi\Ci
)
,

∀Ci ⊆ Di, i ∈ [M ]
}

(4.13)

Define

RDout :=
⋃

ψ∈Ψ

RDout(ψ) (4.14)

Then, the convex hull conv (RDout) of RDout is an outer bound to the rate distortion

region, i.e. conv (RDout) ⊇ RD. �
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The proof of Theorem 2 is given in Appendix B.

4.3.3 Structural Properties of the Inner Bound

We next analyze the structure of the achievable rate region (inner bound), be-

cause knowing the structure of the rate region may be helpful when we optimize some

function of rates over the rate region. We indeed use some structural properties of

the inner bound to simplify our bound to simpler problems in Section 4.4, and, thus

present those structural properties below.

Definition: Let f : 2[M ] → R+ be a set function. The polyhedron

G(f) , {(x1, . . . , xM) :
∑

i∈A

xi ≥ f(A), ∀A ⊂ [M ]} (4.15)

is a contra-polymatroid if f satisfies [89, 90]

1. f(∅) = 0 (normalized)

2. f(A) ≤ f(B) if A ⊂ B (nondecreasing)

3. f(A) + f(B) ≤ f(A ∪ B) + f(A ∩ B) (supermodular)

If f satisfies the three properties, f is called a rank function.

Proposition 1: For each ξ ∈ Ξ(d), Φ(ξ) is a contra-polymatroid.

Proof : The set S is implied to be the ground set, and the rank function ρ : 2S → R

is defined as

ρ(P) ,
∑

j∈[M ]

∑

(j→A)∈P∩Sj

H(Uj→A)−H(UP∩Sj |Yj) (4.16)



83

We must show that ρ is indeed a rank function. Consider two sets Q and P such that

Q ⊆ P ⊆ S, then

ρ(P)− ρ(Q) =
∑

j∈[M ]

( ∑

(j→A)∈Lj

H(Uj→A)−H(UP∩Sj |Yj) +H(UQ∩Sj |Yj)
)

=
∑

j∈[M ]

( ∑

(j→A)∈Lj

H(Uj→A)−H(ULj |UQ∩Sj , Yj)
)

≥ 0

where Lj := (P ∩ Sj) \ (Q ∩ Sj). This establishes that ρ is non-decreasing. Next

consider any two sets P ⊆ S and Q ⊆ S. We have

ρ(P) + ρ(Q)− ρ(P ∩Q)− ρ(P ∪Q)

=
∑

j∈[M ]

(H(UP∩Q∩Sj |Yj) +H(U(P∪Q)∩Sj |Yj)−H(UP∩Sj |Yj)−H(UQ∩Sj |Yj))

=
∑

j∈[M ]

(H(UP∩Qc∩Sj |UQ∩Sj , Yj)−H(UP∩Qc∩Sj |UP∩Q∩Sj , Yj))

≤ 0

which implies that ρ is a rank function of a contra-polymatroid. To see that this

contra-polymatroid is equal to Φ(ξ), simply note that evaluating the rank function

ρ and writing the corresponding inequality for every subset of Sj gives the list of

inequalities for node j. The collection of these inequalities over j ∈ [M ] then yields

Φ(ξ). Finally, note that evaluating the rank function at any collection of indices cor-

responding to message sent from different encoders simply sums the corresponding

individual inequalities for the different encoders. �

Corollary 1: For each ξ ∈ Ξ(d), the generating vertices of the polyhedron Φ(ξ)

are exactly {φ(π)|π ∈ Π(S)} where Π(S) is the set of permutations of the indices in
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S, and φ(π) is the vector given by

φπ(1)(π) , ρ(π(1)) = I(Uπ(1);Y[M ])

and for every i ∈ {2, . . . , |S|}

φπ(i)(π) , ρ({π(1), . . . , π(i)})− ρ({π(1), . . . , π(i− 1)})

= I(Uπ(i);U{π(1),...,π(i−1)}, Y[M ]) (4.17)

and where ρ is the rank function defined in (4.16). Additionally, for any λ ∈ R|S|+ ,

then the solution to the linear program minφ∈Φ(ξ) λ ·φ is attained by φ(π) for π any

permutation of the elements of S such that λπ(1) ≥ · · · ≥ λπ(|S|).

Proof: These are standard properties of contra-polymatroids [89]. See, for instance,

Lemma 3.3 of [90]. �

We next use these structural properties of the achievable rate distortion region to

simplify this bound to some simpler problems.

4.4 Simplification of Inner Bound to Simpler Problems

Because we have argued that the collaborative distributed estimation problem is

essentially a hybrid between a collection of CEO problems and a multiple descriptions

problem, it is important to show that the inner bound we have given specializes to

known inner bounds for these problems in special cases.

4.4.1 Simplification to Multiple Descriptions Problem

The multiple descriptions problem for two descriptions can be obtained as a special

case of our collaborative estimation problem for M = 4 nodes. Only one node,
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say node 1, gets to make observations which it would like to inform the other 3

network nodes about, so that Y
(n)

1 = T (n) and Y
(n)
i = 0 for all i 6= 1. Additionally,

node 1 structures its encodings so that nodes 2 and 3 receive different encodings,

while node 4 receives everything that is available to node 2 and 3. The coding

strategy introduced in [91] to this problem can be accomplished by dividing Q1→{4}

up into two parts Q1→{4} = (Q1
1→{4}, Q

2
1→{4}) containing ∆1 ≥ 0 and ∆2 ≥ 0 bits per

symbol with ∆1 +∆2 = R1→{4} and forming two descriptions X1 , (Q1→{2,4}, Q
1
1→{4})

and X2 , (Q1→{3,4}, Q
2
1→{4}). When only one of the two descriptions X1 or X2 is

available, the achievability coding strategy introduced in [91] simply discards the

part of the description associated with Q1→{4} and utilizes only U1→{3,4} or U1→{2,4},

respectively. When both descriptions are available, the achievability coding strategy

introduced in [91] uses all of the encodings (Q1→{2,4}, Q1→{3,4}, Q1→{4}). Additionally,

since R1 = R2,4 + ∆1 and R2 = R3,4 + ∆2, we can remove the redundant variables

∆1 and ∆2, and rewrite the constraint for R4 as R4 = R1 − R2,4 + R2 − R3,4. These

identifications may be summarized with the following notation

U1→{2,3} , U2,3, U1→{3,4} , U3,4, U1→{4,} , U4 (4.18)

R1→{2,3} , R2,3, R1→{3,4} , R3,4, R1→{4,} , R4 (4.19)

R̃1→{2,3} , R̃2,3, R̃1→{3,4} , R̃3,4, R̃1→{4} , R̃4 (4.20)

Uj→A = ∅, Rj→A = ∅, R̃j→A = ∅ all other A (4.21)

Where the auxiliary random variables U4, U2,4, U3,4 are selected such that

p(U4, U2,4, U3,4, T ) = p(T )p(U4, U2,4, U3,4|T ) (4.22)

D1 ≥ E
[
d(T, T̂2)

]
, D2 ≥ E

[
d(T, T̂3)

]
, D0 ≥ E

[
d(T, T̂4)

]
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Under these identifications, the inner bound becomes

R4 ≥ R̃4 −H(U4) +H(U4|U3,4, U2,4) (4.23)

R2,4 ≥ R̃2,4 (4.24)

R3,4 ≥ R̃3,4 (4.25)

Having the inequalities R1 ≥ R2,4, R2 ≥ R3,4 (because ∆1,∆2 ≥ 0) in hand, we

replace R4 with R1 −R2,4 +R2 −R3,4 in (4.23) and use the inequalities (4.23)-(4.25)

to obtain a bound on the rate region (R1, R2) which is given by

R1 ≥ R̃2,4 (4.26)

R2 ≥ R̃3,4 (4.27)

R1 +R2 ≥ R̃2,4 + R̃3,4 + R̃4 −H(U4) +H(U4|U3,4, U2,4) (4.28)

We note that the minimum of R̃2,4 + R̃3,4 + R̃4 from the encoder inequalities to be

H(U4) +H(U2,4) +H(U3,4)−H(U4, U2,4, U3,4|T )

Thus right hand side of (4.28) becomes

H(U2,4) +H(U3,4)−H(U4, U2,4, U3,4|T ) +H(U4|U2,4, U3,4)

= H(U2,4) +H(U3,4)−H(U4, U2,4, U3,4|T ) +H(U4, U2,4, U3,4)−H(U2,4, U3,4)

= I(U2,4;U3,4) + I(T ;U4, U2,4, U3,4)

We next point out that by the contra-polymatroid property of the source encoder

region describing the collection of variables R̃2,4, R̃3,4, R̃4 by Corollary 1, this minimum

is attained for 6 (permutations of λ1 = 1, λ2 = 1, λ3 = 1) possible solutions of
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R̃2,4, R̃3,4, R̃4. However, we are interested in only two of the 6 solutions which are

useful in finding the region of (R1, R2) and present the values of R̃2,4, R̃3,4 below.

1. R̃2,4 = I(U2,4;T ), R̃3,4 = I(U3,4;U2,4, T )

2. R̃2,4 = I(U2,4;U3,4, T ), R̃3,4 = I(U3,4;T )

Using time sharing argument of these two solutions we write the region of rates

(R1, R2) as

R1 ≥ I(U2,4;T ) + α I(U2,4;U3,4|T ) (4.29)

R2 ≥ I(U3,4;T ) + (1− α) I(U2,4;U3,4|T ) (4.30)

R1 +R2 ≥ I(U2,4;U3,4) + I(T ;U4, U2,4, U3,4) (4.31)

where 0 ≤ α ≤ 1. We next show that any point in the achievable rate region (ECG

region) proved in [91] also lies in the region we proved above. To prove this, we

rewrite the EGC region in the following form

r1 ≥ I(U2,4;T )

r2 ≥ max{I(U3,4;T ), I(U2,4;U3,4) + I(T ;U4, U2,4, U3,4)− r1}

and let

α = min

{
r1 − I(U2,4;T )

I(U2,4;U3,4|T )
, 1

}
(4.32)

Then

R1 ≥ min {r1, I(U2,4;T ) + I(U2,4;U3,4|T )} ≤ r1 (4.33)
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and

R2 ≥ I(U3,4;T ) + I(U2,4;U3,4|T )−min {r1 − I(U2,4;T ), I(U2,4;U3,4|T )}

= max{I(U3,4;T ), I(U2,4;T ) + I(U3,4;T ) + I(U2,4;U3,4|T )− r1}

≤ r2

In the above proof we used the following inequality which can be easily proved.

I(U2,4;U3,4) + I(T ;U4, U2,4, U3,4)

≥ I(U2,4;T ) + I(U3,4;T ) + I(U2,4;U3,4|T )

This completes the proof that our inner bound contains every point in the EGC

region.

4.4.2 Simplification to CEO problem

We next show that CEO problem can be obtained as a simplification of our model

and that our inner bound simplifies the Berger-Tung inner bound for this case. To see

this, suppose that the nodes i ∈ [M ]\M observe the common phenomenon embodied

by the sequence T (n) and send one message each to the CEO node M . Using these

messages received from the nodes i ∈ [M − 1], the CEO node produces an estimate

T̂ (T̂M = T̂ ) of T such that the expected distortion E[d(T, T̂ )] < D.

Since the nodes i ∈ [M − 1] send messsages only to node M , we set the rates

corresponding to the other messages to 0 and redefine the rates and variables relevent
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to this problem as follows.

Rj→M , Rj, Uj→M , Uj ∀ j ∈ [M − 1]

Rj→A = 0, R̃j→A = 0, Uj→A = ∅ all other A, j ∈ [M − 1]

DM , D, RM→A = 0, R̃M→A = 0, UM→A = ∅

Note that the random vectors ξ = (U[M−1]) satisfy the following constraints.

• T, Y[M−1]\i, U[M−1]\j ↔ Yj ↔ Uj for all j ∈ [M − 1]

• There exists a decoding function g : U[M−1] → T̂ such that D > E
[
d(T, T̂ )

]

If we denote the set [M − 1] as D := [M − 1] as, then Φ(ξ) becomes

Φ(ξ) = {R̃D|R̃j > H(Uj −H(Uj|Yj),∀j ∈ [M − 1]}

Here, R̃j can be selected such that R̃j = I(Uj;Yj) + εj for all j ∈ [M − 1] where εj

can be made arbitrarily small. Note that selecting the rates so will not change the

rate region. If we select R̃j = I(Uj;Yj) + εj, there will be only 1 rate vector R̃D in

the set Φ(ξ). Thus, Ψ is only a function of ξ, i.e. Ψ(ξ, φ) = Ψ(ξ). Hence, Ψ(ξ) is the

collection of rate vectors RD ≥ 0 obeying

∑

j∈C

Rj >
∑

j∈C

(R̃j −H(Uj)) +H(UC|UD\C)

= H(UC|UD\C)−
∑

j∈C

H(Uj|Yj)

= H(UC|UD\C)−H(UC|YC)

= H(UC|UD\C)−H(UC|YC, UD\C)

= I(UC;YC|UD\C)

for all C ⊆ D. Here, we have used the facts that node M (CEO) does not have any
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side information (YM = 0) and UC ↔ YC ↔ UD\C. Thus the inner bound for the

rate-distortion region for the CEO problem becomes

RDin =



(R[M−1], D)

∣∣∣∣∣∣
R[M−1] ∈

⋃

ξ∈Ξ(D)

Ψ(ξ)





where Ξ(D) is the collection of random vectors ξ. This is exactly the Berger Tung

inner bound for the CEO problem given in [15].

4.4.3 Simplification to Side Information May Be Absent at the Decoder

The “side information may be absent at the decoder” problem studied by Heegard

and Berger in [23] can also be obtained as a simplification of our model. To see this,

let the number of nodes M = 3 and, suppose that node 3 directly observes the source,

i.e. Y3 = T , and node 1 has side information about the source Y1 = Y while node

2 has no side information. Also, suppose that node 3 sends a common description

to both 1, 2 and an individual description to only node 1 as it is implicitly done in

[23]. We show that sum of the rates of these two descriptions derived from our inner

bound is equal to the rate-distortion function proved for the sum-rate in [23].

To prove this, set the rates and variables which are not involved in the problem

zero and redefine the necessary rates and variables as follows.

Y1 , Y, Y3 , T, all other Yi = ∅ (4.34)

U3→1 , U, U3→{1,2} , W, all other Uj→A = ∅ (4.35)

R̃3→1 , R̃1, R̃3→{1,2} , R̃1,2, all other R̃j→A = ∅ (4.36)

R3→1 , R1, R3→{1,2} , R1,2, all other Rj→A = ∅ (4.37)

Note that the variables T, Y, U,W, V satisfy the following conditions.
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1. Y ↔ T, V ↔ U,W .

2. There exist functions T̂1(U,W, Y ) and T̂2(W ) such that E[d1(T, T̂1)] ≤ D1 and

E[d2(T, T̂2)] ≤ D2.

With the redefined variables, the constraints on R̃1, R̃1,2 become

R̃1 ≥ H(U |V )−H(U |T, V ) (4.38)

R̃1,2 ≥ H(W |V )−H(W |T, V ) (4.39)

R̃1 + R̃1,2 ≥ H(U |V ) +H(W |V )−H(U,W |T, V ) (4.40)

and the constraints on R1, R1,2 become

R1 ≥ R̃1 −H(U |V ) +H(U |W,Y, V ) (4.41)

R1,2 ≥ R̃1,2 −H(W |V ) +H(W |U, Y, V ) (4.42)

R1,2 ≥ R̃1,2 (4.43)

R1 +R1,2 ≥ R̃1 −H(U |V ) + R̃1,2 −H(W |V ) +H(U,W |Y, V ) (4.44)

Observing that the tight bound on R1 + R1,2 comes from adding (4.41) and (4.43),

we write

R1 +R1,2 ≥ R̃1 + R̃1,2 −H(U |V ) +H(U |W,Y, V ) (4.45)

Using the bound on R̃1 + R̃1,2 in (4.40), we obtain

R1 +R1,2 ≥ R̃1 + R̃1,2 −H(U |V ) +H(U |W,Y, V ) (4.46)

≥ H(W |V )−H(U,W |T, V ) +H(U |W,Y, V ) (4.47)

= I(T ;W |V ) + (T ;U |W,Y, V ) (4.48)

This is exactly the rate-distortion function for the sum-rate which Heegard and Berger
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proved in [23].

4.5 Conclusions

We analyzed low-communication algorithms for collaborative distributed estima-

tion via multiterminal information theory. We argued that the proper model for a

distributed source code for collaborative distributed estimation involves multiple mul-

ticast messages from each encoder rather than unicast messages, yielding a hybrid

coding problem between multiple descriptions and the CEO problem. An achievable

rate region which hybridized the Berger Tung inner bound and multiple descriptions

proof techniques were presented. The inner bound was shown to be equal to the

known bounds for some simpler problems by exploiting the structural properties of

the rate region. An outer bound to the rate distortion region was also derived from

basic information theory principles.
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5. Low-Complexity/Low-communication Collaborative Estimation

Algorithms

In the previous two chapters we developed collaborative estimation algorithms

that require either low complexity or low communication. As it was discussed in

Chapter 1, a collaborative estimation algorithm that is implemented in practice should

preferably have both low complexity and low communication. In this chapter we study

such low-complexity/low-communication collaborative estimation algorithm.

We develop such an algorithm for an estimation problem in which the nodes

interactively communicate with each other over several rounds. In particular, we

consider the following multiround protocol for collaborative estimation among M

nodes. At each round in the protocol, exactly one node broadcasts a message to

all other nodes in the network. The nodes are selected to transmit in a round-

robin fashion during subsequent rounds. The broadcasted message consists of M − 1

“descriptions”, and the mth description is only utilized by the M −m best decoders,

m ∈ {1, . . . ,M − 1}. For instance, a single round of communication among M = 3

nodes is depicted in Fig. 5.1. The observations and previously received messages at

the two receiving nodes act as side information at the two decoders. The message

broadcasted to the two decoders consists of two descriptions: a common description

is encoded for both decoders, and an individual refinement description is encoded for

the decoder with better side information [23].

We first derive relevant theoretical limits from multiterminal source coding in

order to characterize efficient tradeoffs between communication and estimation per-

formance and inspire the architecture of the collaborative estimation code. Although

the theoretical limits characterize a region of rates and distortions as achievable, in

practice only a subset of this region is achievable with low complexity encoders and
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Node 1   Node 3

Node 2

X

Y

Z

T̂ 3

T̂ 2

1

Figure 5.1: A network of 3 nodes make indirect observations of the source, commu-
nicate with each other and estimate the underlying source.

decoders mimicking the same construction. The main goal of this work is to develop

a practical collaborative estimation scheme that approaches the theoretical bound

when the source and observations are jointly Gaussian distributed and the distortion

measure is squared error.

Towards this goal, we develop such an algorithm approaching these performance

limits for the single round case by utilizing low complexity machine learning and sig-

nal processing tools from modern practical coding theory. The developed algorithm

utilizes successively refined trellis coded quantization (SR-TCQ) to provide neces-

sary diverse descriptions of the source, and low-density parity-check (LDPC) codes

to provide an efficient means of compressing these descriptions for low complexity

belief propagation decoding with side information. For our multiround collaborative

estimation, at each round we employ the code we developed for the single round

case where we use the estimates from the previous round as the observations/side

information.

For notational convenience and ease of exposition, we focus on the 3-node network

in Fig. 5.1 which is the lowest dimensional non-trivial network for this source coding

architecture. However, the same techniques can be easily extended to an arbitrary
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M -node network and these extensions are provided in the end of this chapter in Sec-

tion 5.6. Comparing the communication vs. estimate quality tradeoff performance

attained by the developed low complexity scheme with that obtainable with a theo-

retical argument, an average distortion gap of only 1.0dB and 1.6dB at average rates

of 3.32 b/s and 2.33 b/s, respectively, is observed.

5.1 Problem Formulation

Consider a network of 3 nodes where the nodes make observations of an underlying

source sequence {T (n)}Nn=1 as {Y (n)
i }Nn=1, i = 1, 2, 3. The source and observation

sequences are i.i.d. (temporally) according to p(t, y1, y2, y3). The nodes communicate

with each other over several rounds and at the end of the collaboration they estimate

the underlying sequence as {T̂ (n)
1 }Nn=1, {T̂ (n)

2 }Nn=1, {T̂ (n)
3 }Nn=1. During the collaboration,

they follow the following communication scheme.

At each round only one node is allowed to transmit and the nodes take turns

encoding the messages, for instance, 1, 2, 3, 1, 2, . . .. The node that transmits at a

certain round encodes its message based on its observations and the messages heard

in the previous rounds. In particular, it encodes a common description to both

decoders and an individual description only to the best decoder which is determined

by (5.5). The decoders use their observations and the messages heard in the previous

rounds as the side information. The nodes communicate in this fashion for K rounds

before they make estimates of the source sequence based on their observations and

the messages received.

Let µ(k), λ(k) and φ(k) denote the encoder, the best decoder and the worst
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decoder at round k, respectively, where

µ(k) =





k mod 3 , (k mod 3) 6= 0

3 , (k mod 3) = 0

Also, let 1[.] denote the indicator function.

The rate distortion vector ({Rk}Kk=1, D1, D2, D3) is said to be achievable if there exist

the encoding functions {fkµ(k),1, f
k
µ(k),2}Kk=1

fkµ(k),1 : Yµ(k) × [L1
1]× . . .× [Lk−1

1 ]× {[L`2]1[λ(`) = µ(k)]}k−1
`=1 → [Lk1]

fkµ(k),2 : Yµ(k) × [L1
1]× . . .× [Lk−1

1 ]× {[L`2]1[λ(`) = µ(k)]}k−1
`=1 × [Lk1]→ [Lk2]

and the decoding functions {gi}3
i=1

gi : Y i × [L1
1]× . . .× [LK1 ]× {[Lk2]1[λ(k) = i]}Kk=1 → T̂Ni

such that

1

N
(log2(Lk1) + log2(Lk2)) ≤ Rk

and

1

N

N∑

n=1

E[di(T
(n), T̂

(n)
i )] ≤ Di , i = 1, 2, 3

Let R̄D be the set of all achievable ({Rk}Kk=1, D1, D2, D3). Then, the convex hull

RD = conv(R̄D) of R̄D gives the rate distortion region for this problem. We derive

an inner bound to RD in Section 5.2.

Our main goal is to design a practical source coding scheme for this collaborative

estimation problem. In particular, we aim to design the practical coding scheme

when the source and the observations are jointly distributed according to Gaussian
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distribution and the distortion measure is squared error. We define

Y1 , X, Y2 , Y, Y3 , Z

and model the source and observations as follows.

X = T +N1 (5.1)

Y = T +N2 (5.2)

Z = T +N3 (5.3)

where T ∼ N (0, σ2
t ) and Ni ∼ N (0, σ2

ni
), i = 1, 2, 3 such that σ2

n1
≤ σ2

n2
≤ σ2

n3
.

The nodes take turns transmitting messages to the other nodes for K rounds. At

each round k, the encoder encodes its observations and the messages heard in the

previous rounds into a common description to both “worst decoder”, “best decoder”

and an individual description only to the “best decoder”. At the end of K rounds,

the nodes are expected to reproduce the underlying source T such that

E[di(T, T̂i)] ≤ Di, i = 1, 2, 3

We begin our study on this collaborative estimation problem with the theoretical

bounds for the problem.

5.2 Theoretical Bound

We derive a theoretical bound on the achievable rate distortion region for our

problem by closely following the techniques in [23]. The rate distortion region studied

in [23] is equivalent to the rate distortion region in the first round of our collaborative

estimation problem, and can provide an achievability construction for the multiround
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problem by sewing together single round bounds from [23] in a manner similar to the

way Selpian-Wolf/Wyner-Ziv regions are sewn together in [13, 92, 93, 94, 95, 96].

We present an inner bound to the rate distortion region and a sketch of the proof

now. A detailed proof of the theorem with the probability of error analysis is given

in the Appendix.

Theorem 3:

Let Φ({Rk}Kk=1, D1, D2, D3) be the set of random vectors {Wk, Uk}Kk=1 that are jointly

distributed with T, Y1, Y2, Y3 such that the following conditions are satisfied.

1. Wk, Uk ↔ Yµ(k), {W`}k−1
`=1 , {U`1[λ(`) = µ(k)]}k−1

`=1 ↔

Yλ(k), Yφ(k), {W`}k−1
`=1 , {U`1[λ(`) = λ(k)]}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1

2. There exist decoding functions ḡi such that E[di(T, ḡi(Yi, {Wk}Kk=1, {Uk1[λ(k) =

i]}Kk=1))] ≤ Di for i = 1, 2, 3.

An inner bound to RD is given by

RDin =
{

({Rk}Kk=1, D1, D2, D3) :

Rk ≥ I(Wk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 |

Yφ(k), {W`}k−1
`=1 , {U`1[λ(`) = φ(k)]}k−1

`=1 ) +

I(Uk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 |

Wk, Yλ(k), {W`}k−1
`=1 , {U`1[λ(`) = λ(k)]}k−1

`=1 )

E[di(T, T̂i)] ≤ Di, i = 1, 2, 3,

{Wk, Uk}Kk=1 ∈ Φ({Rk}Kk=1, D1, D2, D3)
}

(5.4)

�

Note:
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The best decoder at round k is determined by

λ(k) = arg min
i∈{1,2,3}\µ(k)

h
(
Wk| Yi, {W`}k−1

`=1 , {U`1[λ(`) = i]}k−1
`=1

)
(5.5)

Proof:

Distribution of Auxiliary Variables:

Select the joint distribution p(w1, u1, . . . , wK , uK |t, y1, y2, y3) such that the conditions

in the theorem are satisfied.

Codebook Generation:

We generate 2 codebooks for each round of communication. We generate the first

codebook for round k with L̃k1 length-N codewords W k by drawing the elements i.i.d.

according to p(wk). Index these codewords by ik ∈ {1, . . . , L̃k1}. Then, we build the

second codebook by generating L̃k2 codewords U k for each W k(ik), ik ∈ {1, . . . , L̃k1}

i.i.d. according to p(uk|wk). Index the codewords U k by (ik, jk) ∈ {1, . . . , L̃k1} ×

{1, . . . , L̃k2}. Then, partion the codewords W k into Lk1 bins, and for each W k(ik) par-

tition the codewords U k into Lk2 bins by randomly and uniformly assigning the code-

words to one of the bins. Index these bins by bk1 ∈ {1, . . . , Lk1} and bk2,ik ∈ {1, . . . , Lk2},

respectively. Also, denote the set of codewords in the bins with indices bk1 and bk2,ik

by Bk1(bk1) and Bk2,ik(bk2,ik), respectively.

Encoding:

Assuming that encoding and decoding are done without any error upto k− 1 rounds,

we describe the encoding process at round k. At round k, node µ(k) selects the first

codeword W k(ik) such that

(Y µ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = µ(k)]}k−1

`=1 ,W k(ik)) ∈ ANε
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If there is no such a codeword, node µ(k) selects the first codeword in the codebook.

Then, node µ(k) selects the first codeword U k(ik, jk) such that

(Y µ(k), {W `(i`)}k`=1, {U `(i`, j`)1[λ(`) = µ(k)]}k−1
`=1 ,U k(ik, jk)) ∈ ANε

If there is no such a codeword, node µ(k) selects the first codeword in the codebook.

Node µ(k) sends the bin index bk1 to both decoders and bk2,ik to only the best decoder,

where Wk(ik) ∈ Bk1(bk1) and Uk(ik, jk) ∈ Bk2,ik(bk2,ik).

Decoding:

Assuming that encoding and decoding are done without any error upto k− 1 rounds,

we describe the decoding process at round k. At round k, node λ(k) decodes the

codewords by selecting W k(i
′
k) ∈ Bk

1 (bk1) and U k(i
′
k, j
′
k) ∈ Bk

2,i′k
(bk2,i′k

) such that

(Y λ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = λ(k)]}k−1

`=1 ,W k(i
′
k),U k(i

′
k, j
′
k)) ∈ ANε

Node φ(k) decodes the codeword by selecting W k (̃ik) ∈ Bk
1 (bk1) such that

(Y φ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = φ(k)]}k−1

`=1 ,W k (̃ik)) ∈ ANε

Reconstruction:

When there is no error in the encoding and decoding processes, the nodes reconstruct

the source sequence as

T̂
(n)
i = ḡi(Y

(n)
i , {W (n)

k (ik)}Kk=1, {U (n)
k (ik, jk)1[λ(k) = i]}Kk=1)

i = 1, 2, 3. Since there exist functions ḡi, i = 1, 2, 3 that satisfy the expected distortion
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conditions, when there is no error in encoding and decoding

E[di(T, T̂i)] ≤ Di , i = 1, 2, 3

In Appendix C, we show that the probability of error occuring in encoding and

decoding is almost 0. Having provided a theoretical bound, we next discuss a practical

source coding scheme for this collaborative estimation problem.

5.3 Practical Source Coding Scheme for Single Round

In this section, we develop a practical source coding scheme for single round case

for the network in Fig. 5.1 where node 1 encodes its observation X into a common

description to both nodes 2,3 and an individual description only to node 2. The

decoders at node 2 and 3 are expected to reproduce T such that E[d3(T, T̂3(W,Z))] ≤

D3 and E[d2(T, T̂2(U,W, Y ))] ≤ D2 respectively, where W is the common description

and U is the description intended only for node 2.

Although the achievability proof given in [23] cannot be directly applied in prac-

tice, the theoretical construction provides some insight into the practical code design.

In the theoretical construction, a common description is sent to both decoders and

an individual description is sent only to the best decoder. The individual description

cannot be decoded without the common description, and thus the code construction

to this problem is closely related to the successive refinement problem [21, 22].

Since we are encoding a continuous source, the source should be quantized first

which could be also used to generate successively refinable descriptions. One easy

way to generate successively refinable descriptions is to apply a uniform nested scalar

quantizer (NSQ) as applied in [97, 98] for successive refinement for the Wyner-Ziv

problem [12]. It was shown in [97] that uniform NSQ followed by LDPC based Slepian-
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Wolf coding achieves distortions 1.29 − 3.45dB away from the theoretical limits for

the Gaussian successive refinement Wyner-Ziv problem.

In [27], trellis coded quantization (TCQ) [59] was shown to achieve better per-

formance than the scalar quantizer for the Wyner-Ziv problem without successive

refinement. This insight was further supported by Yang et al. [29] development of

codes based on TCQ and LDPC codes [64] which are very close the the Wyner-Ziv

theoretical limit. This suggests that TCQ may better suited to successive refine-

ment with side information than NSQ. For this, TCQ must be adapted to successive

refinability.

In this vein, Jafarkhani and Tarokh introduced a rate-scalable trellis quantization

called successively refinable TCQ (SR-TCQ) in [61]. Here, we apply SR-TCQ with 2

refinement stages to get 2 descriptions of the source for our problem [99]. We apply

universal source coding techniques to losslessly compress the bit-planes that represent

the branches of the trellis. To compress the other bit-planes of the descriptions, we

send the syndrome of a powerful LDPC channel code. This syndrome is then decoded

to regain the bit-planes at the receivers by exploiting the correlation between the

quantized source and the side information in a belief propagation decoder as in [29].

The use of the LDPC code and belief propagation allows for the effective exploitation

of the side information with a low complexity decoder.

We begin our discussion on practical collaborative estimation algorithm construc-

tion with generation of descriptions.

5.3.1 Generating Descriptions Using SR-TCQ

We apply 2-refinement stage SR-TCQ to generate the common description W

and individual description U from the source X. Suppose that in the first stage the

description (W ) is sent at rate r1 and in the second stage the description (U) is sent
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at rate r2. Then, we have two sets of quantization points Q1 and Q2, one for each

stage. The set Q1 consists of 2r1+1 quantization points, Q1 = {qi : i ∈ {1, . . . , 2r1+1}}

and the set Q2 consists of 2r2+1 quantization points for each one of the quantization

points i ∈ Q1, i.e. Q2 = {qi,j : j ∈ {1, . . . , 2r2+1}, i ∈ {1, . . . , 2r1+1}}.

To quantize the source sequence, we break it into blocks of N symbols and ap-

ply SR-TCQ for each block. In SR-TCQ, the Viterbi algorithm is used to find the

quantization sequence which minimizes the error between quantized value and the ex-

pected value of the source given the observation at the encoder. Unlike in the single

description case, here the quantization errors (distortions) at both stages should be

taken into account when the distortion is minimized. Depending on the application,

different weights can be given to the distortions D2 and D3 when the distortion to be

minimized D is selected. Thus, for a block x(1), . . . , x(N), D can be defined as [61]

D =
1

N
{α

N∑

n=1

[(E[T |x(n)]−Q1(x(n))]2 + (1− α)
N∑

n=1

[(E[T |x(n)]−Q2(x(n))]2} (5.6)

where α is the weighting factor.

For each block, SR-TCQ outputs a sequence of quantized values {q(n)
i,j }Nn=1. Given

q
(n)
i,j ∈ Q2, one can easily find the quantization point q

(n)
i ∈ Q1 selected for the first

stage and this is the common description W (n) of the source X(n) which is sent to both

decoders. To describe (before compression) W we need only r1 bits, because only 2

cosets leave each state in trellis T1 [59, 61]. The refinement description U (n) describes

which of the quantization points in Q2 nested within q
(n)
i is selected. Again, because

of the same argument made for the first stage, only r2 bits (before compression) are

required to represent the decription U .

For each symbol n ∈ {1, . . . , N}, denote the bits that represent the description

W (n) by b
1,(n)
1 , . . . , b

r1,(n)
1 and denote the bits that represent the description U (n) by

b
1,(n)
2 , . . . , b

r2,(n)
2 . Provided the current state in the trellis T1, the bit b

1,(n)
1 determines
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which one of the two branches (which in turn determines the coset) is selected, while

the remaining bits b
2,(n)
1 , . . . , b

r1,(n)
1 determine which one of the quantization points

within that coset is selected. Similarly, given the common quantization level, b
1,(n)
2

determines which one of the two branches in T2 is selected while b
2,(n)
2 , . . . , b

r2,(n)
2

determine which one of the quantization points within that coset is selected. For each

m ∈ {1, 2} and k ∈ {1, . . . , rm}, we call the vector bkm = [b
k,(1)
m , . . . , b

k,(N)
m ] a bit-plane.

Also, denote the collection of the bit-planes by Bm = [bkm : k ∈ {1, . . . , rm}], m ∈

{1, 2}.

We next turn our attention to lossless compression of the bit-planes discussed

above.

5.3.2 Lossless Compression of the Bit-Planes

There exists significant redundancy in the SR-TCQ bit-planes in B1 and B2 that

can be exploited to compress them losslessly as shown in Fig. 5.2. This lossless

compression allows one to achieve the same distortions with a lower rate.

First consider the bit-planes b1
1 and b1

2. These two bit-planes have memory in them

and should be compressed with an universal source coding technique (e.g. Lempel-

Ziv). Also, these two bit planes can be decompressed at the decoders without the

knowledge of the rest of the bit planes and can be used as side information when other

bit planes are decoded. The bit-planes B1 \ {b1
1} should be compressed such that

they can be losslessly decoded at both decoders. Since the description compressed

for node 3 can also be decoded by node 2 (because h(X|Y ) ≤ h(X|Z)), we compress

B1 \{b1
1} such that it can be losslessly decompressed with side information b1

1, b1
2 and

Z . Given b1
1 and b1

2 the bits in the other bit-planes are independent of one another
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Figure 5.2: The system architecture of the practical code design we propose.

and as a result we have the following.

H(b2
1, . . . , b

r1
1 |Z, b1

1, b
1
2)

=
N∑

n=1

(
H(b

2,(n)
1 |z(n), b1

1, b
1
2) + . . .+H(b

r1,(n)
1 |z(n), b1

1, b
1
2, b

2,(n)
1 , . . . , b

r1−1,(n)
1 )

)

=
N∑

n=1

(
H(b

2,(n)
1 |z(n), c

(n)
1 , c

(n)
2 ) + . . .+

H(b
r1,(n)
1 |z(n), c

(n)
1 , c

(n)
2 , b

2,(n)
1 , . . . , b

r1−1,(n)
1 )

)
(5.7)
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where c
(n)
1 and c

(n)
2 are the cosets selected for symbol x(n) in the first and second levels,

respectively. The decoder at node 2 can exploit the side information Y and {B1, b
1
2}

when it decodes the bit-planes in B2 \ {b1
2}, and thus B2 \ {b1

2} can be compressed

to the following conditional entropy.

H(b2
2, . . . , b

r2
2 |Y ,B1, b

1
2)

=
N∑

n=1

(
H(b

2,(n)
2 |y(n), c

(n)
1 , c

(n)
2 , b

2,(n)
1 , . . . , b

r1,(n)
1 ) + . . .

+H(b
r2,(n)
2 |y(n), c

(n)
1 , c

(n)
2 , b

2,(n)
1 , . . . , b

r1,(n)
1 , b

2,(n)
2 , . . . , b

r2−1,(n)
2 )

)
(5.8)

Thus, the goal now is to compress these bit-planes successively to their conditional

entropies. We defer our discussion on the computation of the conditional entropies

H(b2
1, . . . , b

r1
1 |Z, b1

1, b
1
2) and H(b2

2, . . . , b
r2
2 |Y ,B1, b

1
2) until Section 5.3.3, and now dis-

cuss how the bit-planes can be successively compressed.

The Lossless Compression block in Fig. 5.2, takes the bit-planes {b1
1, b

1
2} and

applies an universal source coding technique to {b1
1, b

1
2}. For maximal simplicity, we

applied gzip program to compress the bit-planes {b1
1, b

1
2} for our simulations. These

compressed sequences are then sent over a noiseless channel to both decoders.

In recent years, many people have successfully applied powerful channel codes

(Turbo [100] and LDPC codes [64]) to compress the sources when highly correlated

side information is available at the decoder [29]. Following these constructions, the

Syndrome Encoder 1 applies r1 − 1 LDPC codes, one for each bit-plane, to compress

B1 \ {b1
1} and generates syndrome sequences S1 = [sk1 : k ∈ {2, . . . , r1}] [29] which

are then sent to both nodes 2,3. Similarly, the Syndrome Encoder 2 applies r2 − 1

LDPC codes to compress B2 \{b1
2} and generates syndrome sequences S2 = [sk2 : k ∈

{2, . . . , r2}] which are then sent only to node 2. The rates (compression ratio) of the

codes used for different bit-planes differ depending on the conditional entropies of the
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bit planes. Normally, the compression increases as the bit-plane number increases.

At the decoders, first the Lossless Decompresssion blocks losslessly decode the

compressed sequences of {b1
1, b

1
2}. Then, the decoders decode the syndrome sequences

sent by Syndrome Encoder 1. To do this, the Initial Probability blocks take {b1
1, b

1
2},

the side information Y (Z) and previously decoded bit-planes b̂
2

1, . . . , b̂
k−1

1 as input

and calculate the probability P (bk1|ỹ(z̃), c̃1, c̃2, b̂
2
1, . . . , b̂

k−1
1 ) required to decode sk1 at

the LDPC Decoder, where x̃ denotes the realization of x. The LDPC Decoder succes-

sively decodes the syndrome sequences S1 by running a message-passing algorithm

which uses the probability P (bk1|ỹ(z̃), c̃1, c̃2, b̂
2
1, . . . , b̂

k−1
1 ). The LDPC Decoder and the

Initial Probability block communicate with each other every time a bit-plane is de-

coded. After decoding S1, the decoder at node 2 decodes S2 with the help of the

Initial Probability block which provides P (bk2|ỹ, c̃1, c̃2, b̂
2
1, . . . , b̂

r1
1 , b̂

2
2, . . . , b̂

k−1
2 ).

Once all the bit-planes are decoded, the Trellis Read modules at node 3 and 2

use the decoded bit-planes to reconstruct the quantized value in the first stage Q̂1(x)

and the quantized value in the refinement stage Q̂2(x), respectively. Note that b1
2

is not used during the reconstruction of quantized value at node 3, because knowing

the first bit of U alone is not enough to predict the best quantization point in Q2.

However, b1
2 can be used for compression purposes as in (5.7).

Finally, the Estimate blocks compute the MMSE estimates at node 3 and node 2

by using the conditional probabilities p(t|Q̂1(x̃), z̃) and p(t|Q̂2(x̃), ỹ), respectively.

5.3.3 Computation of the Entropies

We now explain how the entropies and conditional distributions used in the code

construction are computed. The entropy H(b1
1, b

1
2) is calculated by generating long

sequences of the bit-planes {b1
1, b

1
2}, compressing them using gzip and calculating the

compression ratio achieved by gzip under the assumption that it achieves a com-
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Figure 5.3: In the second round, node 2 encodes its estimate from round 1 as one
common and one individual descriptions while nodes 1, 3 use their estimates from
round 1 as the side information.

pression ratio close to the entropy. For the bit-planes bk1, k ∈ {2, . . . , r1} and

bk2, k ∈ {2, . . . , r2}, the rates for the LDPC codes are selected by calculating the

entropies H(bk1|z, c1, c2, b
2
1, . . . , b

k−1
1 ) and H(bk2|y, c1, c2, b

2
1, . . . , b

r1
1 , b

2
2, . . . , b

k−1
2 ), respec-

tively, where we assumed that the entropy is equal for all n ∈ {1, . . . , N} in (5.7) and

(5.8).

It remains to explain, extending [29], how to compute the conditional entropies

H(bk2|y, c1, c2, b
2
1, . . . , b

r1
1 , b

2
2, . . . , b

k−1
2 ) and the probabilities

P (bk2|ỹ, c̃1, c̃2, b̂
2
1, . . . , b̂

r1
1 , b̂

2
2, . . . , b̂

k−1
2 ). We use the same technique used in ([29]-equation

(11)) to calculate the entropies, but we need to use the probabilty,

P (bk2|y, c1, c2, b
2
1, . . . , b

r1
1 , b

2
2, . . . , b

k−1
2 ), in the calculation. The probabilities required at

the LDPC decoder are also computed by using the technique used in ([29]-equation

(12)) where we use the probability P (bk2|ỹ, c̃1, c̃2, b̂
2
1, . . . , b̂

r1
1 , b̂

2
2, . . . , b̂

k−1
2 ).

5.4 Practical Source Coding Scheme for Multi Round

In this section, we present a practical coding scheme for our multiround collabora-

tive estimation problem extending our code design for the single round collaborative
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estimation in the previous section.

5.4.1 Practical Code Construction

In the first round (k = 1), we use the same code that we designed for the single

round collaborative estimation. In the subsequent rounds (k ≥ 2), the first question

that arises is that what information should be used to encode and what information

should be used as the side information. For the simplicity of the code design, we take

the estimates from the previous round (k− 1) as the observation/side information in

the current round k as shown in Fig. 5.3.

Xk = T̂1,k−1, Yk = T̂2,k−1, Zk = T̂3,k−1 (5.9)

where T̂i,k−1 is the estimate of node i at round k − 1. We take T̂i,k−1 = T̂i,k−2 when

µ(k − 1) = i and T̂1,0 = X, T̂2,0 = Y, T̂3,0 = Z.

We model the observations/side informations at round k ≥ 2 as follows.

T̂λ(k−1),k−1 = a1T̂λ(k−1),k−2 + a2Wk−1 + a3Uk−1 (5.10)

T̂φ(k−1),k−1 = b1T̂φ(k−1),k−2 + b2Wk−1 (5.11)

where a1, a2, a3, b1, b2 are scalars and Wk−1, Uk−1 are Gaussian distributed according

to

Uk−1 = αk−1T̂µ(k−1),k−2 + Z1,k−1 (5.12)

Wk−1 = βk−1T̂µ(k−1),k−2 + Z2,k−1 (5.13)

where αk−1, βk−1 are two scalars and Z1,k−1 ∼ N (0, σ2
z1,k−1

), Z2,k−1 ∼ N (0, σ2
z2,k−1

) are

two Gaussian variables independent of T̂µ(k−1),k−2 and of each other.
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We use this model to do offline computations which include building the histogram

of the quantization levels given the source and conditional entropies of the bit planes.

We now explain how these offline computations are done. Suppose that at round k

node 1 is supposed to transmit its observation. We generate the training sequences

using the observation model in (5.9). We build a histogram of the quantization levels

given the source using the training sequence. We then use this histogram to obtain an

estimate of how much the common and individual descriptions should be compressed

when the practical code is used online. To do this, we first determine which one is

the best decoder and which one is the worst decoder. We call decoder 2 the “best

decoder” if h(Xk|Yk) ≤ h(Xk|Zk), and the “worst decoder” otherwise.

h(Xk|Yk) =
1

2
log2[2πe(1− ρ2

xkyk
)σ2

xk
]

h(Xk|Zk) =
1

2
log2[2πe(1− ρ2

xkzk
)σ2

xk
]

where σ2
u is the variance of U and ρuv is the correlation coefficient of U, V . Hence,

h(Xk|Yk) ≤ h(Xk|Zk) if ρ2
xkyk
≥ ρ2

xkzk

Suppose that decoder 2 is the “best decoder” and decoder 3 is the “worst decoder”.

Then, the bit planes of the common description is compressed to the conditional

entropy

H(b2
1, . . . , b

r1
1 |Zk, b

1
1, b

1
2)

and the bit planes of the individual description is compressed to the conditional

entropy

H(b2
2, . . . , b

r2
2 |Y k,B1, b

1
2)

These offline computations are done for all K rounds before the practical code is
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applied online.

When this practical code is applied online, the estimates from the previous round

are used as the observation/side information in the current round without any as-

sumption on the distribution of the estimates. At round k, the observations at the

encoder are quantized using the codebooks used for offline compuations for round k

and the descriptions are compressed to the conditional entropies computed offline.

5.4.2 Comparison of Practical Codes with the Theoretical Bounds

In this section, we simplify the theoretical bound to the quadratic Gaussian case

so that we can compare the performance of our proposed practical coding scheme

with the theoretical bounds. When we simplify the bound in (5.4), the number of

variables that the pair (Wk, Uk) depends on increases quickly as k increases, which

makes the simplification difficult. To avoid this difficulty, we use a technique where

(Wk, Uk) depends only on the estimate T̂µ(k),k−1 from the previous round, which is a

function of the variables that (Wk, Uk) depends on in (5.4). We let the decoders also

use the estimates T̂λ(k),k−1, T̂φ(k),k−1 from the previous round as the side information.

Since we will be using only a subset of the distributions in (5.4) by doing so, we will

obtain a subset of the rate distortion region in (5.4).

When we apply this technique, the rate expression for round k becomes

Rk ≥ I(T̂µ(k),k−1;Wk|T̂φ(k),k−1) + I(T̂µ(k),k−1;Uk|Wk, T̂λ(k),k−1) (5.14)

where (Wk, Uk) ∈ Φ′({Rk}Kk=1, D1, D2, D3) and Φ′({Rk}Kk=1, D1, D2, D3) is the set of

random vectors {Wk, Uk}Kk=1 that are jointly distributed with T, Y1, Y2, Y3 such that

the following conditions are satisfied.

1. Wk, Uk ↔ T̂µ(k),k−1 ↔ T, T̂λ(k),k−1, T̂φ(k),k−1
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2. There exist decoding functions ḡi such that E[di(T, T̂i,K)] ≤ Di for i = 1, 2, 3.

We now evaluate the rate and distortion expressions for the quadratic Gaussian

case. Note that to evaluate these expressions we should consider all possible distri-

butions of (Wk, Uk) that satisfy the above conditions. Since this is almost impossible

to do, we consider only Gaussian distributions for (Wk, Uk) which will give an upper

bound to (5.14). To do this, let

Uk = αk T̂µ(k),k−1 + Z1,k (5.15)

Wk = βk T̂µ(k),k−1 + Z2,k (5.16)

where αk, βk are two scalars and Z1,k ∼ N (0, σ2
z1,k

), Z2,k ∼ N (0, σ2
z2,k

) are two Gaus-

sian variables independent of T̂µ(k),k−1 and of each other. In the following evaluation,

we model the correlation between the estimates using (5.10) and (5.11). We first
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evaluate the rate used by the encoder at round k.

Rk ≥ I(T̂µ(k),k−1;Wk|T̂φ(k),k−1) + I(T̂µ(k),k−1;Uk|Wk, T̂λ(k),k−1)

= I(T̂µ(k),k−1;Wk|T̂φ(k),k−1) + I(T̂µ(k),k−1;Uk,Wk, T̂λ(k),k−1)

−I(T̂µ(k),k−1; T̂λ(k),k−1)− I(T̂µ(k),k−1;Wk|T̂λ(k),k−1)

= h(Wk|T̂φ(k),k−1)− h(Wk|T̂µ(k),k−1) + h(Uk,Wk, T̂λ(k),k−1)

−h(Uk,Wk, T̂λ(k),k−1|T̂µ(k),k−1)− h(T̂µ(k),k−1) + h(T̂µ(k),k−1|T̂λ(k),k−1)

−h(Wk|T̂λ(k),k−1) + h(Wk|T̂µ(k),k−1)

= h(Wk|T̂φ(k),k−1) + h(Uk,Wk, T̂λ(k),k−1)− h(Uk,Wk, T̂λ(k),k−1|T̂µ(k),k−1)

−h(T̂µ(k),k−1) + h(T̂µ(k),k−1|T̂λ(k),k−1)− h(Wk|T̂λ(k),k−1)

=
1

2
log2





[
1 +

β2
k

σ2
z2,k

(1− ρ2
t̂µ(k),k−1 t̂φ(k),k−1

)σ2
t̂µ(k),k−1

]

[
1 +

β2
k

σ2
z2,k

(1− ρ2
t̂µ(k),k−1 t̂λ(k),k−1

)σ2
t̂µ(k),k−1

]

[
1 + (

α2
k

σ2
z1,k

+
β2
k

σ2
z2,k

)(1− ρ2
t̂µ(k),k−1 t̂λ(k),k−1

)σ2
t̂µ(k),k−1

]}
(5.17)

We next evaluate the distortions Dk
φ(k) and Dk

λ(k) at round k at nodes φ(k) and λ(k),

respectively.

Dk
φ(k)

= σ2
t|wk,t̂φ(k),k−1

= σ2
t − σ2

t

ρ2
tt̂φ(k),k−1

+
β2
k

σ2
z2,k

σ2
t̂µ(k),k−1

(ρ2
tt̂µ(k),k−1

+ ρ2
tt̂φ(k),k−1

)

1 +
β2
k

σ2
z2,k

(1− ρ2
t̂µ(k),k−1 t̂φ(k),k−1

)σ2
t̂µ(k),k−1

+σ2
t

2
β2
k

σ2
z2,k

σ2
t̂µ(k),k−1

ρtt̂µ(k),k−1
ρt̂µ(k),k−1 t̂φ(k),k−1

ρtt̂φ(k),k−1

1 +
β2
k

σ2
z2,k

(1− ρ2
t̂µ(k),k−1 t̂φ(k),k−1

)σ2
t̂µ(k),k−1

(5.18)
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Dk
λ(k)

= σ2
t|uk,wk,t̂λ(k),k−1

= σ2
t − σ2

t

ρ2
tt̂λ(k),k−1

+ (
α2
k

σ2
z1,k

+
β2
k

σ2
z2,k

)σ2
t̂µ(k),k−1

(ρ2
tt̂µ(k),k−1

+ ρ2
tt̂λ(k),k−1

)

1 + (
α2
k

σ2
z1,k

+
β2
k

σ2
z2,k

)(1− ρ2
t̂µ(k),k−1 t̂λ(k),k−1

)σ2
t̂µ(k),k−1

+σ2
t

2(
α2
k

σ2
z1,k

+
β2
k

σ2
z2,k

)σ2
t̂µ(k),k−1

ρtt̂µ(k),k−1
ρt̂µ(k),k−1 t̂λ(k),k−1

ρtt̂λ(k),k−1

1 + (
α2
k

σ2
z1,k

+
β2
k

σ2
z2,k

)(1− ρ2
t̂µ(k),k−1 t̂λ(k),k−1

)σ2
t̂µ(k),k−1

(5.19)

In the next section, we use these expressions to plot the theoretical bounds.

5.5 Experimental Results

We implemented our proposed practical source coding scheme for multi round

collaborative estimation and tested it via simulation. We test our practical coding

scheme for two different set of side information qualities. We let the nodes commu-

nicate with each other for K = 3 rounds and estimate the underlying source. The

observation sequences are broken into blocks of length N = 1000 before SR-TCQ is

applied to each block. In SR-TCQ, Ungerboeck’s [60] 16-state trellis is used for both

T1 and T2. We use uniform codebooks and distortion weighting factor α = 0.5 in

(5.6) to quantize the observation sequence at the encoder.

We use gzip program to losslessly compress the bit-planes {b1
1, b

1
2} and to compute

the entropy H(b1
1, b

1
2) that is reported in this section. For the compression of the rest

of the bit-planes, we apply LDPC codes of length 105 which means that we group

together the SR-TCQ output of 100 blocks before we apply LDPC. The rates of the

codes are selected according to the entropies calculated. In particular, for a bit-plane

with entropy Hk we select the code rate such that the compression achieved by the
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Figure 5.4: Comparison of the rate distortion points obtained using our practical code
design with the theoretical bounds. The distribution of the source and observations
are selected such that σ2

t = 1 and σ2
n1

= 0.05, σ2
n2

= 0.06, σ2
n3

= 0.07 in (5.1)-(5.3).

code is

r =
Hk + δ(1 +Hk)

1− δ(1 +Hk)
(5.20)
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Figure 5.5: Comparison of the rate distortion points obtained using our practical code
design with the theoretical bounds. The distribution of the source and observations
are selected such that σ2

t = 1 and σ2
n1

= 0.01, σ2
n2

= 0.15, σ2
n3

= 0.3 in (5.1)-(5.3).

where δ is selected such that the bit error rate of the code is almost 0. We use a

degree distribution of λ(x) = x2 and ρ(x) = (1 − ρm)xm−2 + ρmx
m−1 for our LDPC

codes [26], where m = d3/Hke.
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We make two kinds of plots: ’Average distortion Vs Sum rate’ and ’Maximum

distortion Vs Sum rate’. To plot the theoretical bound for ’Average distortion Vs

Sum rate’, we formulate the following optimization and solve it numerically.

min{
αk,βk,σ2

z1,k
,σ2
z2,k

}K
k=1

(DK
1 +DK

2 +DK
3 )/3

subject to
K∑

k=1

Rk ≤ R

where DK
i = Di, i = 1, 2, 3 in (5.4). To plot the theoretical bound for ’Maximum

distortion Vs Sum rate’, we solve the following optimization problem.

min{
αk,βk,σ2

z1,k
,σ2
z2,k

}K
k=1

max(DK
1 , D

K
2 , D

K
3 )

subject to
K∑

k=1

Rk ≤ R

where DK
i = Di, i = 1, 2, 3 in (5.4).

Fig. 5.4 compares our practical coding scheme with the theoretical bound when

the side information qualities are roughly equal, where we selected the noise of the

side information such that σ2
n1

= 0.05, σ2
n2

= 0.06, σ2
n3

= 0.07 in (5.1)-(5.3). Fig.

5.4(a) shows the average final distortions of the nodes and Fig. 5.4(b) shows the

maximum distortions after 3 rounds for different sum of the rates used at each round.

In the plots, H denotes the entropy of all bit-planes of each sample (b/sample).

If we assume ideal compression/decompression of the bit-planes, the gap between

our scheme and the theoretical bound is 0.89 dB, 1.2 dB, 1.51 dB in the average

distortion case and 1.13 dB, 1.41 dB, 1.62 dB in the maximum distortion case for the

average rates per round of 2.89 b/s, 2.36 b/s, 2.19 b/s, respectively. When we apply

LDPC codes for compression of the bit-planes, the gap is 1.0 dB, 1.16 dB, 1.6 dB in
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the average distortion case and 1.23 dB, 1.5 dB, 1.76 dB in the maximum distortion

case for the average rates per round of 3.32 b/s, 2.62 b/s, 2.33 b/s, respectively. As

one can easily see the gap between our practical coding scheme and the theoretical

bound decreases as the rate increases.

Fig. 5.5 compares our practical coding scheme with the theoretical bound when

the side informations have different qualities where we selected the noise of the side

information such that σ2
n1

= 0.01, σ2
n2

= 0.15, σ2
n3

= 0.3 in (5.1)-(5.3). If we assume

ideal compression/decompression of the bit-planes, the gap between our scheme and

the theoretical bound is 2.2 dB, 1.48 dB, 0.96 dB in the average distortion case and

3.16 dB, 2.18 dB, 1.8 dB in the maximum distortion case for the average rates per

round of 2.37 b/s, 2.47 b/s, 2.79 b/s, respectively.

Note that when the side informations are of roughly equal quality, then it is

beneficial use equal rate at each round. However when the side informations are of

different qualities, it is beneficial to allocate more rate to the node with best quality.

5.6 Extension of Practical Coding Scheme to M-node Network

In this section, we discuss how the practical coding scheme that we described for

a 3-node network can be extended to a M -node network. To do this, let µ(k) be

the encoder and λi(k) be the ith (i = 1, . . . ,M − 1) best decoder at round k. Then,

any information sent to λj(k) can be decoded by λi(k) if i ≤ j. At round k, node

µ(k) encodes M − 1 descriptions, one for each set of decoders {λ1(k), . . . , λi(k)}, i =

1, . . . ,M − 1.

To generate M − 1 successively refinable descriptions, we need to use M − 1

refinement stage SR-TCQ. Suppose that we use the rates r1, . . . , rM−1 at each stage.

Then, we will have M−1 set of quantization points Q1, . . . , QM−1 where Q` has 2r`+1

quantization points for each quantization point in Q`−1, ` = 2, . . . ,M − 1. The trellis
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for (M − 1)-stage SR-TCQ is constructed by taking the tensor product of the trellis

at each stage T1, . . . , TM−1 [61]. Then, the observation sequence is quantized using

the Viterbi algorithm such that the weighted distortion D of all stages is minimized.

D =
M−1∑

i=1

αiDi,

M−1∑

i=1

αi = 1

After generating M − 1 descriptions, the bit-planes b1
1, . . . , b

1
M−1 that represent the

branches of the trellis are compressed using a universal lossless source coding tech-

nique. The rest of the bit-planes are compressed by sending the syndromes of LDPC

codes. For example, the j(2 ≤ j ≤ ri)th bit-plane of the i(1 ≤ i ≤ M − 1)th

description bji is compressed to the following conditional entropy using the LDPC

codes.

H(bji | Y λM−i(k),B1, . . . ,Bi−1, b
1
i , . . . , b

j−1
i )

The decoding of the syndromes is done as described in Section 5.3.2.

5.7 Conclusions

We proposed a low-complexity/low-communication algorithm design based on SR-

TCQ and LDPC codes for multiround collaborative estimation when the source and

observations are Gaussian distributed and the distortion measure is squared error.

In this code design at each round we generated the descriptions using M − 1 refine-

ment level SR-TCQ, compressed the bit-planes that represent the branches of the

trellis using standard universal lossless compression, while compressing the rest of

the bit-planes using LDPC codes for decoding with side information. We also de-

rived a theoretical bound for this collaborative estimation problem. We showed the

gap between our practical coding scheme and the theoretical bound for a 3-node net-

work is only 1.0 dB (average final distortion) for average rate per round of 3.32 b/s.
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The simulation shows that the gap between our scheme and the theoretical bound

decreases with increasing rate.
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6. Conclusions

In this dissertation we studied a collaborative estimation problem in which a

network of nodes, each indirectly observing an underlying source through “noisy”

measurements, communicate with each other in order to form better estimates of the

underlying source. We argued that any collaborative estimation algorithm applied

in practice should consider two primary constraints: complexity and communica-

tion. Furthermore, we demonstrated that signal processing and machine learning

tools can be used to develop low complexity algorithms with less attention to com-

munication, while information theory can be used to develop algorithms that can

efficiently trade communication for performance with less attention to complexity. It

was also made clear that the modern practical coding theory provides tools to de-

sign low-complexity/low-communication algorithms by melding ideas from machine

learning, signal processing, and information theory. In this dissertation, we developed

collaborative estimation algorithms for each of these classes by applying tools from

the respective area of study and evaluated the estimation error performances of those

algorithms.

In Chapter 3, we derived a low-complexity algorithm for collaborative estimation

of channel gains in wireless sensor networks via expectation propagation based approx-

imate Bayesian inference. This algorithm makes effective use of the prior distribution

of the channel gains along with the information obtained from channel training and

iteratively passes messages between the nodes to obtain MMSE estimates at each

node. The estimation error performance of our algorithm was evaluated by simula-

tions and was shown to perform better than another distributed estimation algorithm,

diffusion LMS, as applied to the same estimation problem. The computational com-

plexity, message passing overhead and memory requirements were also presented for
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both algorithms.

In Chapter 4, we applied tools from multiterminal information theory to study

theoretical limits on communication and estimation error performances. We proposed

a source code architecture for collaborative estimation problem and argued that it

is the proper model that exploits the capabilities of network/channel codes. We

derived an achievable rate distortion region by hybridizing techniques from the CEO

and multiple descriptions problems. We showed that this achievable rate distortion

region simplifies to some known bounds for some simpler problems. We also derived

an outer bound from the basic principles of information theory.

In Chapter 5, we designed a low-complexity/low-communication collaborative es-

timation algorithm by utilizing the tools from modern practical coding theory. This

algorithm was designed for a particular communication protocol in which nodes com-

municate over several rounds and exactly one node is allowed to multicast messages

each round which contain successively refinable descriptions. This algorithm was

designed by generating the successively refinable descriptions using SR-TCQ and

compressing them with syndromes of the LDPC codes. This algorithm was tested via

simulations and it was shown that it attains average estimation error performances

within 1dB away from the theoretical bounds that we derived for this problem.
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Appendix A. Proof of Theorem 1

We begin the proof by listing the possible errors.

1. E0:
(
T ,Y [M ]

)
/∈ A∗ε(T, Y[M ])

2. E1: At least at one (encoder) node j ∈ [M ],
(
USj(mSj),Y j

)
/∈ A∗ε

(
USj , Yj

)
for

all mSj ∈
∏

(j→A)∈Sj

[
2NR̃j→A

]
.

3. E2: At least at one (decoder) node i ∈ [M ],
(
UDi(mDi),Y E(Di),Y i,T

)
/∈

A∗ε
(
UDi , YE(Di), Yi, T

)
where mDi is defined as follows

mDi := (mj→A)(j→A)∈Di

where mj→A is the index of the codeword selected by the encoding function

f j→A.

4. E3: At least at one (decoder) node i ∈ [M ], ∃ UDi(mDi) such that
(
UDi(mDi),Y E(Di),Y i,T

)
∈ A∗ε(UDi , YE(Di), Yi, T ), but

UDi(`j→A) 6= UDi(mj→A) where `Di is defined as follows

`Di := (`j→A)(j→A)∈Di

where `j→A is the index of the codeword selected at the decoder i such that

U j→A(`j→A) ∈ Bj→A(bj→A).

Define the coding error E as E := ∪3
i=0Ei. Then the probability of error Pr(E)

is bounded above by

Pr(E) ≤ Pr(E0) +
3∑

i=1

Pr(Ei ∩ Ec
0)
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We now show that the probabilities of these errors are small.

1. Clearly Pr(E0)→ 0 as N →∞.

2. To prove Pr(E1∩Ec
0) is small, for each yj ∈ A∗ε(Yj), j ∈ [M ], define the random

set GSj(yj) as

GSj(yj) :=
{
mSj

∣∣ USj(mSj) ∈ A∗ε(USj |yj)
}

For each set Sj, define the event E1,Sj as

E1,Sj := {(USj(mSj),Y j) /∈ A∗ε(USj , Yj) for all mSj ∈
∏

(j→A)∈Sj

[2NR̃j→A ]}

Then, we have

Pr
[
E1,Sj and Y j ∈ A∗ε(Yj)

]
= Pr

[
|GSj(Y j)| = 0 and Y j ∈ A∗ε(Yj)

]

≤ max
yj∈A∗ε (Yj)

Pr
[
|GSj(yj)| = 0

]

Using Chebyshev’s inequality [101] [91], for all yNj ∈ A∗ε(Yj) and 0 < α < 1, we

write

Pr
[
|GSj(yj)| = 0

]
≤ Pr

[∣∣|GSj(yj)| − E
[
|GSj(yj)|

]∣∣ ≥ αE
[
|GSj(yj)|

]]

≤ Var
[
|GSj(yj)|

]

α2
(
E
[
|GSj(yj)|

])2

We now bound E
[
|GSj(yj)|

]
. Define the indicator function

1
(
USj(mSj) ∈ GSj(yj)

)
=





1 if USj(mSj) ∈ GSj(yj)

0 otherwise
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Then the cardinality of the set GSj(yj) is given by

∣∣GSj(yj)
∣∣ =

∑

mSj∈[2
NR̃Sj ]

1
(
USj(mSj) ∈ GSj(yj)

)

where
[
2NR̃Sj

]
denotes the Cartesian product of the sets

[
2NR̃j→A

]
, (j → A) ∈

Sj. Since E
[
1
(
USj ∈ GSj(yj)

)]
≥ 2

−N
[∑

(j→A)∈Sj
H(Uj→A)−H(USj |Yj)+ε1

]

where

ε1 → 0 as ε→ 0, we have

E
[
|GSj(yj)|

]
≥

∣∣∣
[
2NR̃Sj

]∣∣∣ E
[
1
(
USj(mSj) ∈ GSj(yj)

)]

≥ 2
N
[∑

(j→A)∈Sj(R̃j→A−H(Uj→A))+H(USj |Yj)−ε1
]

We next bound Var
[
|GSj(yj)|

]
. Consider

Var
[
|GSj(yj)|

]

≤ E
[∣∣GSj(yj)

∣∣2
]

= E

[( ∑

mSj∈[2
NR̃Sj ]

∑

m′Sj
∈[2

NR̃Sj ]

1
(
USj(mSj) ∈ GSj(yj),

USj(m
′
Sj) ∈ GSj(yj)

))]

=
∑

mSj

∑

m′Sj

Pr
[
USj(m

′
Sj) ∈ A∗ε(USj |yj)

∣∣ USj(mSj) ∈ A∗ε(USj |yj)
]

Pr
[
USj(mSj) ∈ A∗ε(USj |yj)

]

=
∑

mSj


1 +

∑

mSj 6=m
′
Sj

Pr
[
USj(m

′
Sj) ∈ A∗ε(USj |yj)

∣∣ USj(mSj) ∈ A∗ε(USj |yj)
]



Pr
[
USj(mSj) ∈ A∗ε(USj |yj)

]
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=
∑

mSj

(
1 +

∑

Pj⊂Sj

∑

m′P̄j
|mj→A 6=m′j→A ∀(j→A)∈P̄j

Pr
[(
UPj(m

′
Pj),U P̄j(m

′
P̄j)
)

∈ A∗ε(USj |yj)
∣∣ (UPj(mPj),U P̄j(mP̄j)

)
∈ A∗ε(USj |yj)

]
)

Pr
[
USj(mSj) ∈ A∗ε(USj |yj)

]

≤
∑

mSj


1 +

∑

Pj⊂Sj

2
N
[∑

(j→A)∈P̄j
(R̃j→A−H(Uj→A))+H(UP̄j

|UPj ,Yj)+ε2
]



Pr
[
USj(mSj) ∈ A∗ε(USj |yj)

]

=


1 +

∑

Pj⊂Sj

2
N
[∑

(j→A)∈P̄j
(R̃j→A−H(Uj→A))+H(UP̄j

|UPj ,Yj)+ε2
]

E

[∣∣GSj(yj)
∣∣]

Here P̄j = Sj \ Pj and ε2 → 0 as ε→ 0. Hence, we have

Pr
[∣∣GSj(yj)

∣∣ = 0
]
≤ 2

−N
[∑

(j→A)∈Sj
(R̃j→A−H(Uj→A))+H(USj |Yj)−ε1

]

+
∑

Pj⊂Sj

2
−N

[∑
(j→A)∈Pj

(R̃j→A−H(Uj→A))+H(UPj |Yj)−ε1−ε2
]

Note that Pr(E1 ∩ Ec
0) ≤ ∑j∈[M ] Pr(E1,Sj ∩ Ec

0). Thus, Pr(E1 ∩ Ec
0) can be

made arbitrary small by selecting the rates R̃j→A, (j → A) ∈ Sj such that for

each subset Pj ⊆ Sj the following rate condition is satisfied

∑

(j→A)∈Pj

R̃j→A >
∑

(j→A)∈Pj

H(Uj→A)−H(UPj |Yj) + ε1 + ε2 (A.1)

3. When the rate conditions in (A.1) are satisfied at each encoder j ∈ [M ], by

Lemma 1 (see Appendix) Pr(E2 ∩ Ec
0)→ 0 as N →∞.
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4. To prove Pr(E3 ∩ Ec
0) is small, for each i ∈ [M ] define E3,Di as

E3,Di =
{(
UDi(mDi),Y E(Di),Y i,T

)
∈ A∗ε

(
UDi , YE(Di), Yi, T

)
and

(UDi(`Di),Y i) ∈ A∗ε (UDi , Yi) for some UDi(`Di) ∈ BDi(bDi)

and UDi(mDi) 6= UDi(`Di)
}

Note that `Di 6= mDi if `j→A 6= mj→A for at least one (j → A) ∈ Di. Define

the event E ′3,Di as

E ′3,Di :=
{

(UDi(`Di),Y i) ∈ A∗ε (UDi , Yi) for some UDi(`Di) ∈ BDi(bDi)

and UDi(mDi) 6= UDi(`Di)
}

Then

Pr(E3,Di) ≤ Pr
[
E ′3,Di |

(
UDi(mDi),Y i

)
∈ A∗ε(UDi , Yi)

]
= Pe

Let the set Ci be

Ci := {(j → A) ∈ Di|`j→A 6= mj→A}

For a particular `Di = `
′

Di(6= mDi), define E3,Ci(`
′

Ci) as

E3,Ci(`
′

Ci) :=
{(
UDi(`

′

Di),Y i

)
∈ A∗ε (UDi , Yi) such that `

′

j→A 6= mj→A

∀(j → A) ∈ Ci and `
′

j→A = mj→A ∀(j → A) ∈ Di \ Ci
}

Consider the code corresponding to a particular (j → A) ∈ Ci. There are

(|Bj→A| − 1) sequences in the bin Bj→A(bj→A) such that `j→A 6= mj→A, where

|Bj→A| is the size of the bin. Thus for a particular Ci, the number of possible



128

events in which `j→A 6= mj→A (the number of events E3,Ci(`
′

Ci)) is
∏

(j→A)∈Ci (|Bj→A| − 1). Note that the probabilities of these events are equal.

Thus the probability of error Pe is bounded by

Pe

≤
∑

Ci⊆Di

( ∏

(j→A)∈Ci

(|Bj→A| − 1)

)
Pr
[
E3,Ci(`

′

Ci) |
(
UDi(mDi),Y i

)
∈ A∗ε(UDi , Yi)

]

We have the following

Pr[E3,Ci(`
′

Ci) |
(
UDi(mDi),Y i

)
∈ A∗ε(UDi , Yi)]

≤ 2
N

[
H(UCi |UDi\Ci ,Yi)−

∑
(j→A)∈Ci

H(Uj→A)+ε3+ε4

]

where ε3, ε4 → 0 as ε→ 0. We bound

∏

(j→A)∈Ci

(|Bj→A| − 1) <
∏

(j→A)∈Ci

|Bj→A| = 2N
∑

(j→A)∈Ci
(R̃j→A−Rj→A)

Hence

Pe

≤
∑

Ci⊆Di

2
−N
[
∑

(j→A)∈Ci
Rj→A−

∑
(j→A)∈Ci

R̃j→A+
∑

(j→A)∈Ci
H(Uj→A)−H(UCi |UDi\Ci ,Yi)−ε3−ε4

]

Thus, by selecting sufficiently large N and the rates such that

∑

(j→A)∈Ci

Rj→A >
∑

(j→A)∈Ci

R̃j→A −
∑

(j→A)∈Ci

H(Uj→A) +H(UCi |UDi\Ci , Yi) + ε3 + ε4

Pe can be made arbitrarily small. Note that Pr(E3 ∩ Ec
0) ≤∑i∈[M ] Pr(E3,Di ∩
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Ec
0). Thus, Pr(E3 ∩ Ec

0) is small.

At node i ∈ [M ] when
(
UDi(`Di),Y E(Di),Y i,T

)
∈ A∗ε(UDi , YE(Di), Yi, T ), the em-

pirical distribution on T ×Yi×UDi is approximately equal to the true distribution, and,

thus the expected distortion is approximately Di. From Lemma 1, the probability of

succesful coding → 1 as N → ∞. Thus, the overall expected distortion is approx-

imately Di at node i ∈ [M ]. This completes the proof, i.e. conv (RDin) ⊆ RD.

�
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Appendix B. Proof of Theorem 2

For each (j → A) ∈ S, let Xj→A = fNj→A(Y j). Then, for each i ∈ [M ] and

Ci ⊆ Di

N
∑

(j→A)∈Ci

Rj→A

≥
∑

(j→A)∈Ci

H(Xj→A)

≥ H (XCi)

≥ H
(
XCi

∣∣ Y i, XDi\Ci
)

≥ H
(
XCi

∣∣ Y i, XDi\Ci
)
−H

(
XCi

∣∣ Y [M ], XDi\Ci
)

= I
(
Y [M ]\i; XCi

∣∣ Y i, XDi\Ci
)

= H
(
Y [M ]\i

∣∣ Y i, XDi\Ci
)
−H

(
Y [M ]\i | Y i, XDi

)

=
N∑

n=1

[
H
(
Y

(n)
[M ]\i

∣∣∣ Y n−1
[M ]\i, Y i, XDi\Ci

)
−H

(
Y

(n)
[M ]\i

∣∣∣ Y n−1
[M ]\i, Y i, XDi

)]

Define

Z
(n)
j→A ,

(
Y n−1

[M ] ,Xj→A

)

W
(n)
i ,

(
Y

[n+1,N ]
i

)

where Y
[n+1,N ]
i :=

(
Y (n+1), . . . , Y (N)

)
. Hence

N

N∑

n=1

Rj→A ≥
N∑

n=1

[
H
(
Y

(n)
[M ]\i

∣∣∣ Y (n)
i ,W

(n)
i , Z

(n)
Di\Ci

)
−H

(
Y

(n)
[M ]\i

∣∣∣ Y (n)
i ,W

(n)
i , Z

(n)
Di

)]

=
N∑

n=1

I
(
Y

(n)
[M ]\i;Z

(n)
Ci

∣∣∣ Y (n)
i ,W

(n)
i , Z

(n)
Di\Ci

)
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We now show that
(
W

(n)
[M ], Z

(n)
S

)
∈ Ψ. Note that for each node i ∈ [M ], T̂

(n)
i can

be expressed as a function of Z
(n)
Di ,W

(n)
i and Y

(n)
i , i.e. T̂

(n)
i = g

(n)
i

(
Y

(n)
i ,W

(n)
i , Z

(n)
Di

)
.

Thus there exists a decoding function g
(n)
i such that

E
[
di
(
T (n), g

(n)
i

(
Y

(n)
i ,W

(n)
i , Z

(n)
Di

))]
≤ D

(n)
i

It can be easily seen that p(t(n), y
(n)
[M ], w

(n)
[M ]) = p(t(n), y

(n)
[M ]) p(w

(n)
[M ]). It remains to

show that T (n), Y
(n)

[M ]\j ↔ Y
(n)
j ↔ Z

(n)
j→A.

I
(
Z

(n)
j→A;T (n), Y

(n)
[M ]\j |Y

(n)
j

)

= I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j , Z

(n)
j→A

)
− I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j

)

= I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j , Y n−1

[M ] , X
N
j→A

)
− I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j

)

≤ I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j , Y n−1

[M ] , Y
N
j

)
− I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j

)

= I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j

)
− I
(
T (n), Y

(n)
[M ]\j;Y

(n)
j

)

= 0

Hence,
(
W

(n)
[M ], Z

(n)
S

)
∈ Ψ.

To complete the outer bound proof, it remains to show that there exist random

vectors (T, Y[M ],W[M ], ZS) such that at each node i ∈ [M ]

I
(
Y[M ]\i;ZCi |Yi,Wi, ZDi\Ci

)
=

1

N

N∑

n=1

I
(
Y

(n)
[M ]\i, Z

(n)
Ci |Y

(n)
i ,W

(n)
i , Z

(n)
Di\Ci

)

and

E[di(T, gi(Yi,Wi, ZDi))] = Di

=
1

N

N∑

i=1

D
(n)
i
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Let Q be a random variable independent of T ,Y [M ],W [M ] and ZS which takes

values in the set {1, . . . , N} with probability

Pr[Q = n] = λn ∀n ∈ {1, . . . , N}

Define the following random variables for all (j → A) ∈ S and i ∈ [M ]

T := (Q, T (Q))

Yi := (Q, Y
(Q)
i )

Wi := (Q,W
(Q)
i )

Zj→A := (Q,Z
(Q)
j→A)

Let gi(Yi,Wi, ZDi) = g
(Q)
i

(
Y

(Q)
i ,W

(Q)
i , Z

(Q)
Di

)
. For each n ∈ [N ], gi(Yi,Wi, ZDi) =

g
(n)
i

(
Y

(n)
i ,W

(n)
i , Z

(n)
Di

)
with probability λn. Let E[di(T, gi(Yi,Wi, ZDi))] = Di. Then,

we have

Di = E [di(T, gi(Yi,Wi, ZDi))]

=
N∑

n=1

λnE
[
di

(
T (n), g

(n)
i

(
Y

(n)
i ,W

(n)
i , Z

(n)
Di

))]

=
N∑

n=1

λnD
(n)
i
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Also, we have

I
(
Y[M ]\i;ZCi

∣∣ Yi,Wi, ZDi\Ci
)

= H
(
Y[M ]\i

∣∣ Yi,Wi, ZDi\Ci
)
−H

(
Y[M ]\i | Yi,Wi, ZDi

)

= H
(
Y

(Q)
[M ]\i, Q

∣∣∣ Y (Q)
i ,W

(Q)
i , Z

(Q)
Di\Ci , Q

)
−H

(
Y

(Q)
[M ]\i, Q

∣∣∣ Y (Q)
i ,W

(Q)
i , Z

(Q)
Di , Q

)

=
N∑

n=1

λn

[
H
(
Y

(n)
[M ]\i

∣∣∣ Y (n)
i ,W

(n)
i , Z

(n)
Di\Ci

)
−H

(
Y

(n)
[M ]\i

∣∣∣ Y (n)
i ,W

(n)
i , Z

(n)
Di

)]

=
N∑

n=1

λnI
(
Y

(n)
[M ]\i, Z

(n)
Ci

∣∣∣ Y (n)
i ,W

(n)
i , Z

(n)
Di\Ci

)

Let λn = 1
N

. This completes the outer bound proof, i.e. conv (RDout) ⊇ RD. �
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Appendix C. Proof of Theorem 3

We provide a detailed proof of our inner bound in this section.

Probability of Error Analysis:

Assuming encoding and decoding are done without error upto k−1 rounds, we analyze

the probability of error of encoding and decoding at round k.

Define the following events.

1. E1 = {There does not exist a W k(ik) such that

(Y µ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = µ(k)]}k−1

`=1 ,W k(ik)) ∈ ANε }

2. E2 = {There does not exist a U k(ik, jk) such that

(Y µ(k), {W `(i`)}k`=1, {U `(i`, j`)1[λ(`) = µ(k)]}k−1
`=1 ,U k(ik, jk)) ∈ ANε }

3. E3 = {There does not exist a pair (W k(ik),U k(ik, jk)) such that

(Y 1,Y 2,Y 3, {W `(i`),U `(i`, j`)}k−1
`=1 ,W k(ik),U k(ik, jk)) ∈ ANε }

4. E4 = {(Y φ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = φ(k)]}k−1

`=1 ,W k (̃ik)) ∈ ANε ,

but ĩk 6= ik}

5. E5 = {(Y λ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = λ(k)]}k−1

`=1 ,W k(i
′
k)) ∈ ANε ,

but i′k 6= ik}

6. E6 = {(Y λ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = λ(k)]}k−1

`=1 ,W k(i
′
k),U k(i

′
k, j
′
k)) ∈

ANε , but j′k 6= jk}

The probability of error P (ek) at round k

P (ek) ≤ P (E1) + P (E2|Ec
1) + P (E3|Ec

1 ∩ Ec
2) +

P (E4|Ec
1) + P (E5|Ec

1) + P (E6|Ec
1 ∩ Ec

2 ∩ Ec
5)
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We first show P (E1)→ 0 as N →∞.

Pr[W k ∈ ANε (Wk|Yµ(k), {W`}k−1
`=1 , {U`1[λ(`) = µ(k)]}k−1

`=1 ) |W k ∈ ANε (Wk)]

=
|ANε (Wk|Yµ(k), {W`}k−1

`=1 , {U`1[λ(`) = µ(k)]}k−1
`=1 )|

|ANε (Wk)|

=
2NH(Wk|Yµ(k),{W`}k−1

`=1 ,{U`1[λ(`)=µ(k)]}k−1
`=1 )

2NH(Wk)

= 2−NI(Wk;Yµ(k),{W`}k−1
`=1 ,{U`1[λ(`)=µ(k)]}k−1

`=1 )

P (E1)

=
(
1− Pr[W k ∈ ANε (Wk|Yµ(k), {W`}k−1

`=1 , {U`1[λ(`) = µ(k)]}k−1
`=1 ) |W k ∈ ANε (Wk)]

)L̃k1

≤ exp{−L̃k1Pr[W k ∈ ANε (Wk|Yµ(k), {W`}k−1
`=1 , {U`1[λ(`) = µ(k)]}k−1

`=1 ) |W k ∈ ANε (Wk)]}

= exp[−L̃k12−NI(Wk;Yµ(k),{W`}k−1
`=1 ,{U`1[λ(`)=µ(k)]}k−1

`=1 )]

= exp{−2N [R̃k1−I(Wk;Yµ(k),{W`}k−1
`=1 ,{U`1[λ(`)=µ(k)]}k−1

`=1 )]}

If R̃k
1 ≥ I(Wk;Yµ(k), {W`}k−1

`=1 , {U`1[λ(`) = µ(k)]}k−1
`=1 ), P (E1) → 0 as N → ∞. By

similar argument, we can show P (E2|Ec
1)→ 0 as N →∞ if

R̃k
2 ≥ I(Uk;Yµ(k), {W`}k−1

`=1 , {U`1[λ(`) = µ(k)]}k−1
`=1 | Wk)

We now use the Markov lemma to show P (E3|Ec
1∩Ec

2)→ 0 as N →∞. According
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to the Markov lemma, if

Wk, Uk ↔ Yµ(k), {W`}k−1
`=1 , {U`1[λ(`) = µ(k)]}k−1

`=1 ↔

Yλ(k), Yφ(k), {W`}k−1
`=1 , {U`1[λ(`) = λ(k)]}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1

P [(Y 1,Y 2,Y 3, {W `(i`),U `(i`, j`)}k−1
`=1 ) ∈ ANε ]→ 1 as N →∞

P [(Y µ(k), {W `(i`)}k−1
`=1 , {U `(i`, j`)1[λ(`) = µ(k)]}k−1

`=1 ,W k(ik),U k(ik, jk)) ∈ ANε ]→ 1

as N →∞

then

P [(Y 1,Y 2,Y 3, {W `(i`),U `(i`, j`)}k−1
`=1 ,W k(ik),U k(ik, jk)) ∈ ANε ]→ 1 as N →∞

Hence, P (E3|Ec
1 ∩ Ec

2)→ 0 as N →∞.

We next show P (E4|Ec
1)→ 0 as N →∞.

Pr[W k (̃ik) ∈ ANε (Wk|Yφ(k), {W`}k−1
`=1 , {U`1[λ(`) = φ(k)]}k−1

`=1 ) |W k (̃ik) ∈ ANε (Wk)]

=
|ANε (Wk|Yφ(k), {W`}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1 )|

|ANε (Wk)|

=
2NH(Wk|Yφ(k),{W`}k−1

`=1 ,{U`1[λ(`)=φ(k)]}k−1
`=1 )

2NH(Wk)

= 2−NI(Wk;Yφ(k),{W`}k−1
`=1 ,{U`1[λ(`)=φ(k)]}k−1

`=1 )



137

P (E4|Ec
1)

≤ L̃k1
Lk1
Pr[W k (̃ik) ∈ ANε (Wk|Yφ(k), {W`}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1 ) |W k (̃ik) ∈ ANε (Wk)]

=
L̃k1
Lk1

2−NI(Wk;Yφ(k),{W`}k−1
`=1 ,{U`1[λ(`)=φ(k)]}k−1

`=1 )

= 2−N [Rk1−(R̃k1−I(Wk;Yφ(k),{W`}k−1
`=1 ,{U`1[λ(`)=φ(k)]}k−1

`=1 ))]

P (E4|Ec
1)→ 0 as N →∞ if

Rk
1 ≥ R̃k

1 − I(Wk;Yφ(k), {W`}k−1
`=1 , {U`1[λ(`) = φ(k)]}k−1

`=1 )

= I(Wk;Yµ(k), {W`}k−1
`=1 , {U`1[λ(`) = µ(k)]}k−1

`=1 )−

I(Wk;Yφ(k), {W`}k−1
`=1 , {U`1[λ(`) = φ(k)]}k−1

`=1 )

= I(Wk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 | Yφ(k), {W`}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1 )

Similarly , we can show P (E5|Ec
1)→ 0 as N →∞ if

Rk
1 ≥ I(Wk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1

`=1 | Yλ(k), {W`}k−1
`=1 , {U`1[λ(`) = λ(k)]}k−1

`=1 )

Hence,

Rk
1

≥ max[I(Wk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 | Yφ(k), {W`}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1 ),

I(Wk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 | Yλ(k), {W`}k−1

`=1 , {U`1[λ(`) = λ(k)]}k−1
`=1 )]

= I(Wk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 | Yφ(k), {W`}k−1

`=1 , {U`1[λ(`) = φ(k)]}k−1
`=1 )
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Finally, we show P (E6|Ec
1 ∩ Ec

2 ∩ Ec
5)→ 0 as N →∞.

Pr[U k(j
′
k) ∈ ANε (Uk|Yλ(k), {W`}k`=1, {U`1[λ(`) = λ(k)]}k−1

`=1 )| U k(j
′
k) ∈ ANε (Uk|Wk)]

=
|Aε(Uk|Yλ(k), {W`}k`=1, {U`1[λ(`) = λ(k)]}k−1

`=1 )|
|Aε(Uk|Wk)|

=
2NH(Uk|Yλ(k),{W`}k`=1,{U`1[λ(`)=λ(k)]}k−1

`=1 )

2NH(Uk|Wk)

= 2−NI(Uk;Yλ(k),{W`}k−1
`=1 ,{U`1[λ(`)=λ(k)]}k−1

`=1 | Wk)

P (E6|Ec
1 ∩ Ec

2 ∩ Ec
5)

≤ L̃k2
Lk2
Pr[U k(j

′
k) ∈ ANε (Uk|Yλ(k), {W`}k`=1, {U`1[λ(`) = λ(k)]}k−1

`=1 )| U k(j
′
k) ∈ ANε (Uk|Wk)]

=
L̃k2
Lk2

2−NI(Uk;Yλ(k),{W`}k−1
`=1 ,{U`1[λ(`)=λ(k)]}k−1

`=1 | Wk)

= 2−N [Rk2−(R̃k2−I(Uk;Yλ(k),{W`}k−1
`=1 ,{U`1[λ(`)=λ(k)]}k−1

`=1 | Wk))]

P (E6|Ec
1 ∩ Ec

2 ∩ Ec
5)→ 0 as N →∞ if

Rk
2 ≥ R̃k

2 − I(Uk;Yλ(k), {W`}k−1
`=1 , {U`1[λ(`) = λ(k)]}k−1

`=1 | Wk)

= I(Uk;Yµ(k), {W`}k−1
`=1 , {U`1[λ(`) = µ(k)]}k−1

`=1 | Wk)

−I(Uk;Yλ(k), {W`}k−1
`=1 , {U`1[λ(`) = λ(k)]}k−1

`=1 | Wk)

= I(Uk;Yµ(k), {U`1[λ(`) = µ(k)]}k−1
`=1 | Wk, Yλ(k), {W`}k−1

`=1 , {U`1[λ(`) = λ(k)]}k−1
`=1 )

Thus, if we select the rates R̃k
1 , R̃

k
2 , R

k
1 , R

k
2 such that above conditions are satisfied

P (ek)→ 0 as N →∞. �
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