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Abstract—This paper suggests that information geometry may
form a natural framework to deal with the unknown part of
the boundary of entropic region. An application of information
geometry shows that distributions associated with Shannon facets
can be associated, in the right coordinates, with affine collections
of distributions. This observation allows an information geomet-
ric reinterpretation of the Shannon-type inequalities as arising
from a Pythagorean style relationship. The set of distributions
which violate Ingleton’s inequality, and hence are linked with the
part of the entropic region which is yet undetermined, is shown
also to have a surprising affine information geometric structure
in a special case involving four random variables and a certain
support. These facts provide strong evidence for the link between
information geometry and characterizing the boundary of the
entropic region.

I. INTRODUCTION

The region of entropic vectors is a convex cone that is
known to be at the core of many yet undetermined fundamental
limits for problems in data compression, network coding, and
multimedia transmission. This set has recently shown to be
non-polyhedral, but its boundaries remain unknown. In §II,
we give some background on the region of entropic vectors,
which include discussion about inner and outer bounds for
it, and the gap between Shannon outer bound and Ingleton
inner bound for 4 random variables. In §III we point out
that existing inner and outer bounds, which based on linear
constructions, are unable to parameterize the boundary of
the region of entropic vectors because non-linear dependence
structures are necessary to parameterize the unknown part of
it. We argue that information geometry may be a tool that
could parameterize this unknown part of the boundary where
the best known bounds do not meet. This claim is partially
substantiated by providing in §III-B an information geometric
interpretation of Shannon facets of the region of entropic
vectors and the Shannon type inequalities, as well as by
providing in §III-C an information geometric characterization
of a special type of distributions at four random variables that
violate Ingleton Inequalities. The paper concludes in §IV with
a number of interesting directions for future work.

II. BOUNDING THE REGION OF ENTROPIC VECTORS

Consider N discrete random variables X = Xy =
(X1,...,Xn), N ={1,...,N} with joint probability mass
function px (x). To every non-empty subset of these random
variables X 4 := (X,, | n € A), A C {1,...,N}, there
is associated a Shannon entropy H (X 4) calculated from the

jwalsh@coe.drexel.edu

marginal distribution px , (x4) = ZwN\A px () via

H(X ) = Z —Px 4 () 108y Px 4 (T A)

TA

)

One can stack these entropies of different non-empty subsets
into a 2V — 1 dimensional vector h = (H(X 4)|A C N),
which can be clearly viewed as h(px ), a function of the joint
distribution px. A vector h, € R2" 1 is said to be entropic
if there is some joint distribution px such that h; = h(px).
The region of entropic vectors is then the image of the set D =
{px|px(x) >0, >, px(x) = 1} of valid joint probability
mass functions under the function h(-), and is denoted by

Iy =h(D) CR* ! )

It is known that the closure of this set I'}, is a convex cone
[1], but surprisingly little else is known about this cone for
N > 4. Understanding the “shape” and boundaries of the set
I_“jv is the subject of this paper. The fundamental importance of
f}‘v lies in several contexts in signal processing, compression,
network coding and information theory [1].

A. Outer Bounds and Inner Bounds

Viewed as a function h 4 = H(X 4) of the selected subset,
with the convention that hy = 0, entropy is sub-modular [1],
[2], meaning that

ha+hg > hang+haus YABCN, (3)

and is also non-decreasing and non-negative, meaning that

“4)

Viewed as requirements for arbitrary set functions (not neces-
sarily entropy) the inequalities (3) and (4) are known as the
polymatroidal axioms [1], [2], and a function obeying them is
called the rank function of a polymatroid. If a set function r
that obeys the polymatroidal axioms (3) and (4) additionally
obeys

ha>hg>0 VBCACN.

ra<|Al, ra€Z VACN (5)

then it is the rank function of a matroid on the ground set .
Since entropy must obey the polymatroidal axioms, the set

of all rank functions of polymatroids forms an outer bound

for the region of entropic vectors which is often denoted by

h e R? -1
h| ha+hg > hang+haus VA BCN
hp >hg>0 VQCPCN

Iy = (6)



T"v is a polyhedron, this polyhedral set I' 5y is often known as

the Shannon outer bound for I'y [1], [2].

While in the low dimensional cases we have I'; = I'5 and
I's =173, for N > 4, however, I'y # I'}y. Zhang and Yeung
first showed this in [2] by proving a new inequality among 4
variables

21(C; D) < I(A;B)+ I(A;C, D)+ 3I(C; D|A) + I(C; D|B)
which held for entropies and was not implied by the poly-
matroidal axioms, which they dubbed a non-Shannon type
inequality to distinguish it from inequalities implied by I'y.
For roughly the next decade a few authors produced other new
non-Shannon inequalities [3], [4]. In 2007, Matds [5] showed
that T%; is not a polyhedron for N > 4. The proof of this
fact was carried out by constructing three sequences of non-
Shannon inequalities, including

S[I(X1; Xo|Xs) 4 (X015 Xo| Xa) + 1(Xs5 Xa) — (X35 Xo)]

106 1X0) + I 00 X 10) + 1060 %1 X)] 2 0

Additionally, Matd$ constructed a curve known to be in f"}‘v
which, together with the infinite sequences of inequalities, was
geometrically arranged in a manner that prohibits I_”]‘V from
being a polyhedron. Nonetheless, despite this characterization,
the outer bound of even I'} is still far away from tight.

Alternately, from the inside, the most common way to
generate inner bounds for the region of entropic vectors is to
consider special families of distributions for which the entropy
function is known to have certain properties. [6] talked about
generating inner bounds through representable matroid. [7],
[8], [9], [10], [11] focus on calculating inner bounds based on
special properties of binary random variables. A third way to
generate inner bounds is based on inequalities for subspace
arrangements. Define Sy to be the conic hull of all subspace
ranks for IV subspaces, it is known that Sy is an inner bound
for ['%,[12]. At present, Sy is only known for N < 5. We have
Sy =T%=T5 8= f‘§ =T3and S, C [ C I'y, where Sy is
given by the Shannon type inequalities (i.e. the polymatroidal
axioms) together with an additional form of inequality known
as Ingleton’s inequality [12], [13], [14] which states that for
N = 4 random variables

Ingleton;; ZI(Xk;Xl|Xi)+I(Xk;Xl‘Xj) 7
+I1(X3; X;) — I(Xp; X1) >0

B. The Gap between Sy and T,

Since the region of entropic vector I'}; is unknown starting
from N = 4, we focus on N = 4 in this paper. As we know,
Sy C Ty, where I'y is generated by 28 elemental Shannon type
information inequalities[ | ] and Sy is generated by the previous
28 Shannon type information inequalities together with six
Ingleton’s inequalities (7). Matus in [14] pointed out that 'y is
the disjoint union of Sy and six sets {h € I'y|Ingleton;; < 0}.
The six cones G} = {h € T4|Ingleton;; < 0} are
symmetric due to the permutation of inequalities Ingleton;;,
so it sufficient to study only one of the cones. Furthermore,
Matis give the extreme rays of G} in Lemma 1 by using the
following functions: for N = {1,2,3,4}, with I C N and
0 <t <|N\I|, define

rl(J) = min{t, |J\I|} with J C N

fii () = { 3 if K € {ik, jk,il, jl, kl}
* min{4,2|K|} otherwise
Lemma 1: (Mati$)[14] The cone G} = {h €
L4|Ingleton;; < 0}, i,j € N distinct is the convex hull
of 15 extreme rays. They are generated by the 15 linearly
independent functions f;;, 7%, ¢idt, pikl pdkt p0 p0 g
7‘{, T{k, r{k, T{l, r{l, r§, ré, where kl = N — ij.

As identified early, the region of entropic vector fji is known
as long as we know the structure of six cones G . Because
of symmetry, we only need focus on one of the six cones, in

the rest of the paper, we will focus on understanding G3*.

III. PERSPECTIVES ON HOW TO USE INFORMATION
GEOMETRY TO UNDERSTAND ENTROPY GEOMETRY

As identified in the previous sections, fj‘v is a convex
cone that is known to be non-polyhedral, which suggests that
differential geometric tools may be necessary to characterize
it. Information geometry, on the other hand, is a discipline
in statistics which endows the manifold of probability dis-
tributions with a special “dually flat” differential geometric
structure created by selecting a Riemannian metric based on
the Fisher information and a family of affine connections
called the a-connections. Building on these observations, here
we wish to sketch out a couple of ideas in an attempt to show
that characterizing the boundary of I could be thought of
as a problem in information geometry, and that information
geometry may in fact be a convenient framework to utilize to
calculate the boundaries of T'%.

A. Review of Some Relevant Ideas from Information Geometry

Information geometry endows a manifold of probability dis-
tributions p(x; &), parameterized by a vector of real numbers
& = [&], with a Riemannian metric, or inner product between
tangent vectors, given by the Fisher information:

9log p(x; §) Olog p(x;§)
9&i 9¢;
This allows us to calculate an inner product between two
tangent vectors ¢ = Y. ¢;0¢, and d = ), d;O, at a particular

point ¢ in the manifold of probability distributions, as

<ec,d >e= Z cidjgi,j(f) )

.3

9i.5(€) & Ee] ] (8)

Selecting this Riemannian metric (indeed, we could have
selected others), and some additional structure, allows the dif-
ferential geometric structure to be related to familiar properties
of exponential families and mixture families of probability
distributions. While the resulting theory is very elegant, it
is also somewhat complex, and hence we must omit the
general details, referring the interested reader to [15], and only
introduce a small subset of the concepts.

In particular, let’s focus our attention on the manifold
P(X) of probability distributions for a random vector X =
[X1,...,Xn] taking values on the Cartesian product X =
X1 x Xy x -+ x Xy, where X,, is a finite set with values
denoted by v; ,,7 € {1,...,]|A,|}. To a particular probability
mass function px we can associate a length Hf:f:l | XL — 1



vector, called the m-coordinates or 7)-coordinates, by listing
the probabilities of all but one of the outcomes in X into
a vector. Such an n can be determined uniquely from the
probability mass function px, and owing to the fact that
the probability mass function must sum to one, the omitted
probability can be calculated, and hence the probability mass
function can be determined from 7.

Alternatively we could parameterize the probability mass
function for such a joint distribution with a vector 8, whose

Hle || — 1 elements take the form
‘ . i €{1,2,...,|X},
0 — |log <px(1();1,17--.,1;mw))) ke{l,. .. N},
px(v1,1,...,01,N [T, ir # 1.

These coordinates provide an alternate unique way of spec-
ifying the joint probability mass function px, called the e-
coordinates or 8 coordinates.

A subfamily of these probability mass functions associated
with those 1 coordinates that take the form

n=Ap+b (10)

for some p for any particular fixed A and b, that is, that lie in
an affine submanifold of the 1 coordinates, are said to form
a m-autoparallel submanifold of probability mass functions.
This is not a definition, but rather a consequence of a theorem
involving a great deal of additional structure which we must
omit here [15].

Similarly, a subfamily of these probability mass functions
associated with those 0 coordinates that take the form

6=AX+b (11)

for some A for any particular fixed A and b, that is, that lie
in an affine submanifold of the @ coordinates, are said to form
a e-autoparallel submanifold of probability mass functions.

An e-autoparallel submanifold (resp. m-autoparallel sub-
manifold) that is one dimensional, in that its A (resp. p)
parameter vector is in fact a scalar, is called a e-geodesic (resp.
m-geodesic).

On this manifold of probability mass functions for random
variables taking values in the set X, we can also define the
Kullback Leibler divergence, or relative entropy, measured in

bits, according to
px () )
)1o
. <qx<m>

Note that in this context D(p||q) > 0 with equality iff. p = g,
hence this function is a bit like a distance, however it does
not in general satisfy symmetry or triangle inequality.

Let £ be a particular e-autoparallel submanifold, and con-
sider a probability distribution px not necessarily in this

D(px|lgx) = (12)

ZPX

reX

submanifold. The problem of finding the point ﬁg (px) in
& closest in Kullback Leibler divergence to px defined by

R
Ile (px) = arg min D(px||gx) (13)
gx €E

is well posed, and is characterized in the following two
—

ways(here ITg with a right arrow means we are minimizing
over the second arguments ¢x). The tangent vector of the

m-geodesic connecting px to ﬁg (px) is orthogonal, in the
sense of achieving Riemannian metric value 0, at ﬁg (px) to
the tangent vector of the e-geodesic connecting ﬁg (px) and
any other point in £. Additionally, for any other point gx € &,
we have the Pythagorean like relation
— —
D(px|lax) = D(px|| Ile (px)) + D(Ile (px)llgx). (14)
B. Information Geometric Structure of the Shannon Exposed
Faces of the Region of Entropic Vectors
As identified in §II-A, T'y = ' and '3 = T4, implying that
I'; and T} are fully characterized by Shannon type information
inequalities. For N = 4, even though I'y # T’ and the region
is not a polyhedral cone, there are still many exposed faces
of f‘*N defined by attaining equality in a particular Shannon
type information inequality of the form (3) or (4). Such
exposed faces of ['%; could be referred to as the “Shannon
facets” of entropy, and in this section we aim to characterize
the distributions associated with these Shannon facets via
information geometry.
Let £ be the submanifold of probability distributions for
which X 4 and X 4 = X zn\ 4 are independent

&x = {rx()| px(x)

then we define £4,5. £ and M4 as follows

=px  (®A)px 4o (®ac) Vx} (15)

5AUB = {pX | PX = PX aus)PX aus)e }

EAB = {px(') ‘ PX = PX APX g\ 4| X 4nsPX (aus)e }
My ={px()| px =px., 04}

1 if Xl = V1, Vi € .AC
0 otherwise
submanifold of & j{u g such that the random variables X 43,
in addition to being independent from X (4up) form the
Markov chain X q\p <> Xans <> Xp\4. These sets of
distributions will be useful because I(X aup; X AUB)© ) =
hauB + h( AuB)e — har = 0 for every distribution in &k TUB
and 1, (XA\& Xp\alXans) = ha+hs — hans) —
h(aup) = 0 for every distribution in EZ’BL, and hyr—hgq =0
for every distribution in M 4.

where 0 4 = { Note é'j’Bl isa

Proposition 1: £ C £4,5 C P(X), £ is an
e-autoparallel submanifold of £4,5 and EAUB is an e-
autoparallel submanifold of P(X).

Proposition 2: Let A,B8 C {1,...,N} be given, where
A C B,then M4 C Mp C P(X), M 4 is a m-autoparallel
submanifold of Mz and Mj is a m-autoparallel subman-
ifold of P(X).

The proofs of Proposition 1 and Proposition 2 are based on
the properity of exponential family and conditional exponential
family, we omitted them due to space limit. These two
Propositions have shown that Shannon facets are associated
with affine subsets of the family of probability distribution,
when it is regarded in an appropriate parameterization. In fact,
as we shall presently show, all Shannon Type information
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Fig. 1.  Submodularity of the entropy function is equivalent to the non-
negativity of a divergence D(7 o1 (»)|| 7 .o, (p)) between two
AuB EXB

information projections, one projection (WSH)L (p)) is to a set that is
A,B

a submanifold the other projection’s (?5 - (p)) set. A Pythagorean
uB

style relation shows that for such an arrangement D(p|| e co L (p)) =
AB
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inequalities correspond to the positivity of divergences of
projections to these submanifolds. The nested nature of these
submanifolds, and the associated Pythagorean relation, is one
way to view the submodularity of entropy, as we shall now
explain with Figure | and theorem 1.

Theorem 1: The submodularity (3) of the entropy function
can be viewed as a consequence of Pythagorean style
information projection relationships depicted in Figure 1.
In particular, submodularity is equivalent to the inequality

— —
D (Tey,, @)l ey (0x)) 20 (16)
since
— —
D (Tey, (o)l e (0x)) = H(X ) + H(X5)
—H(X ang) — H(X auB)
Proof: The projections are
—
et o (PX) = PX406PX (aus)s and (17)
N
Heot (PX) = PX 4\ 51X 4rsPX 8PX (4m)e (18)

—
since for g1 (px) given by (17) for every gx € Ejup
we can reorganize the divergence as

D(pxllax) = D(px || Tigs_ (px))

N
+D(H£j4—u5 (pX>| |qX(AuB) AX (auB)e )

—
and for Meo (px) given by (18) for every gx € gj,}sl we
can reorganize the divergence as

Dipxllax) = D(pxl| Hess ()

N
+D(H$X}3L (pX)|‘QXA\B\XAmBqXBqX(.AuB)C)

The remainder of the theorem is proved by substituting (17)
and (18) in the equation for the divergence. |

C. Information Geometric Structure of Ingleton-Violating En-
tropic Vectors & their Distributions

As identified in §III-A, for a given random vector X =
[X1,...,Xn] and given cardinality X = X; x Xp X - - - x XN,
the set D of joint probability mass functions for X is a K =
ngl | x| — 1 dimensional manifold, with m-coordinates 7.
Now suppose a particular K — M elements of 7 are all zero
with M < K. This is a M dimensional face on the boundary
of D, and we will label a distribution in it as Pasqtom.-

For X = [X4X3X5X1], it is easy to prove h(Paatom) C S
for any Psut0m and any cardinality X. Our numerical exper-
iments also suggest that h(Ps:0m) C Si, however, this is
not true for Pyutom, that is to say, h(Piatom) N Gy # 0
for some Pjuiom-. Here we focus on the the 4 atom sup-
port (0000)(0110)(1010)(1111) that have distributions violate
Ingletonss. A distribution with this support has been used
in [5] by Mati§ to show that [y is not a polyhedron for
N > 4, and it is also the 4 atom support utilized with another
distribution in [16] associated with the 4 atom conjecture. Next
we will use Information Geometry to help understand the 4
atom distributions that violate Ingleton’s inequalities.

Denote Dyqtom C D the manifold of all probability mass
functions for four binary random variables with the support
(0000)(0110)(1010)(1111). Parameterize these distributions
with the parameters 17, = P(X = 0000) = «, 2 =
P(X = 0110) = f —a, n3 = P(X = 1010) = v — «,
m=PX =1111)=1-5"_ 5 = 14+a— -7, yielding
the m-coordinates of Dy,t0.m. The associated e-coordinates can
be calculated as 6; = log, ;’—; for i = 1,2, 3. Now we consider
the submanifold Dy; = {ps € Diatom|I(X3;X4) = 0},
by Proposition 1, D,; is a e-autoparallel submanifold of
Daiatom- In fact, an equivalent definition is D1 = {p, €
Daatom|— 01 + 02+ 65 = 0}. Numerical calculation illustrated
in the Figure 2 lead to the following proposition, which we
have verified numerically.

Proposition 3: Let D,,1 = {ps € Diatom|Ingletonsy, = 0},
then D,,,; is a e-autoparallel submanifold of D440, and is
parallel with D, in e-coordinate, an equivalent definition
of D1 is Dy = {pac S D4at0m| -0 + 0+ 03 =
log, (%2=22)2}, where qa is the solution of —alog, ar— (1 -
a)logy(1—a) =122 in0<a< 3.

In fact, using this equivalent definition, we can also deter-
mine all the distributions in Dyg0m, that violate Ingletongy >
0 as the submanifold Dy, = {ps € Daatom| — 01+ 02+ 03 <
logQ(O'E’a;O““V}. Because we are dealing with Dygiom, a 3
dimensional manifold, we can use a plot to visualize our

results in Fig. 2. In Fig. 2, besides D,; and D,,;, we also



Fig. 2. Manifold Digtom in 6 coordinate

Fig. 3. G24: one of the six gaps between Sy and I'y

plot the following submanifolds and points:

Dy = {ps € Dyatom | Ingletonzs = 0.1}
Dy = {pz € Diatom | Ingletonsy = —0.126}
Dt = {pz € Diatom | Ingletonsy = —0.16}
Dp1 = {ps € Daatom | B =7 =05}

pu = {pz € Diatom | @ =0.25,3=~=0.5}
Pm = {pa: € Diatom | a=0.33,8= v = 05}

As we can see from Fig. 2, D,,; and D,,; are e-autoparallel
and parallel to each other. As Ingletonss goes from 0 to
negative values, the hyperplane becomes a non-symmetric
ellipsoid, and as Ingletons, becomes smaller and smaller,
the ellipsoid shrinks, finally shrinking to a single point p,,
at Ingletons, =~ —0.1699, the point associated with the
four atom conjecture in [16]. Also for each e-autoparallel
submanifold Dy, C Dy, that is parallel to D,,; in e-
coordinate, the minimum Ingleton of Dy, is achieved at point
Dye N Dy, where D,y is the e-geodesic in which marginal
distribution of X3 and X, are uniform, i.e. § =~y = 0.5.

Now we will map some submanifolds of Dygionm, to the
entropic region. From Lemma 1, G3*, one of the six gaps
between S4 and I'y is characterized by extreme rays Vp =

VAR VA /.  _ (.13 ,.14 ,.23 .24 .1 ,.2
(VM7VR7T17f34)7 where VM - (rl 1T, T 7T27T2) and

Vi = (r{?,r]24, p134 ¢234 3 4 ) In addition, we define
Vy = (ri,r},r1?), and use Fig. 3 to help visualize G3*.

In Fig. 3, f34 is one of the six Ingleton-violating extreme
ray of 'y, V3, Vg and r? are all extreme rays of Sy that

make Ingletonsy = 0. Based on the information geometric

characterization, the mapping from Dyqt0m, to I') is straight
forward: the curve h,; = h(D,,), the point h, = h(p,) and
the point h,, = h(pm)-

IV. CONCLUSIONS AND FUTURE WORK

In this paper, we aimed to suggest that information geometry
may provide a useful framework to parameterize this unknown
part of the region of entropic vectors. Along these lines, it was
first shown that Shannon facets possess certain information
geometric properties and Shannon-type inequalities had a
natural information geometric structure. Next, we character-
ized a special type of 4 atom distributions via Information
Geometry, and showed there is a natural information geometric
explanation for it. The characterization also suggests it is
possible to generate better inner bounds by growing in the
number of atoms. Future work includes study the distributions
with arbitrarily large cardinality that set Ingleton to zero via
Information Geometry and extend our work to more variables.
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