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Abstract—A computational technique for determining rate
regions for networks and multilevel diversity coding systems
based on inner and outer bounds for the region of entropic vec-
tors is discussed. An inner bound based on binary representable
matroids is discussed that has the added benefit of identifying
optimal linear codes. The technique is demonstrated on a series
of small examples of multilevel diversity coding systems.

I. INTRODUCTION

The core contribution of this paper is the collection of a
series of techniques from the literature that can be used to
determine key characteristics, the fundamental rate region,
together with the field size and linear codes to achieve it, for
multilevel diversity coding systems (MDCS) [1], [2], [3] and
more broadly network coded networks [4]. The techniques
are enabled by an expression of the fundamental rate region
for these networks in terms of the closure of the region of
entropic vectors [4]. These expressions are combined with
computational inner and outer bounds for the closure of the
region of entropic vectors f}, in order to obtain inner and
outer bounds on the rate regions. The inner bounds to ['%; are
based on facts known about the representability of matroids
over certain finite fields as well as inequalities known among
ranks of subspaces [5], [6], [7], [8], [9]. Owing to this fact,
when the inner bounds match with the outer bounds, both
the rate region, and the codes necessary to achieve it are
determined, for the representation of the associated matroid
provides the necessary code.

The computational techniques are demonstrated on a series
of 2 level 3 encoder multilevel diversity coding systems.
In particular, following Hau [3], we exhaustively consider
all such possible systems, and show the subset of which
for which simple scalar linear binary codes suffice. The
results are extensible using forbidden minor characterizations
of matroids that are representable over other fields, as we
discuss in the conclusions.

The paper proceeds by first reviewing the definition of
the region of entropic vectors in §II, discussing properties
of its closure and its best known outer bounds. Next inner
bounds based on matroid theory and the ranks of subspaces
are discussed in §III, with a particular focus on binary
representability. The relationship between the regions of
entropic vectors and the rate regions for multiple multicast
network coding and multilevel diversity coding systems is
discussed in §IV-A. The synthesis of these bounds and

the rate region description into a complete computational
technique for determine the rate regions is provided in
§V. Finally, the technique is demonstrated on several small
multilevel diversity coding systems in §VI.

II. THE REGION OF ENTROPIC VECTORS 1_“’;\, AND THE
SHANNON OUTER BOUND I'

Let (Xy,...,Xy) be an arbitrary collection of discrete
random variables. To each of the 2" — 1 non-empty subsets
of the collection of random variables, X 4 := (X;|i € A)
with A C {1,..., N}, there is associated a joint Shannon
entropy H (X 4). Stacking these subset entropies for different
subsets into a 2" — 1 dimensional vector we form an entropic
vector

h=[H(XA)[AC{L.... NLA£D] (D)

By virtue of having been created in this manner, the vector h
must live in some subset of R2" —1, and is said to be entropic.
In particular, this entropic vector is clearly a function h(px)
of the joint probability mass function px for the random
variables. Letting Py denote the set of all such possible joint
probability mass functions px, we define I'%; := h(Px), the
region of entropic vectors, to be the image of P under this
function h(-). It is known that the closure of the region of
entropic vectors 1_“}‘\, is a convex cone [4].

Next observe that viewed as a function of the subscript
indices A, H(X 4) is a non-decreasing submodular function,
so that VA C B C [N] and VC,D C [N]

H(X4) <

< H(Xp) 2
H(Xceup) + H(Xenp) <

H(Xc)+ H(Xp) (3)

Because they are true for any collection of subspace
entropies, these linear inequalities (2,3) can be viewed as
supporting halfspaces for I'y. Thus, the intersection of all
such inequalities form a polyhedral outer bound I'y for I'}y,
and T%,, where

Dy = {h ceRr2 !

h.A < hB VA - B
heup + henp < he + hp VC, D

This outer bound I' is known as the Shannon outer bound,
as it can be thought of as the set of all inequalities result-
ing from the positivity of Shannon’s information measures
among the random variables.



While 'y = T and '3 = '}, T C 'y forall N > 4 [4],
and indeed it is known [10] that T is not even polyhedral
for N > 4. Through the remainder of the paper we will
use the Shannon outer bound as our outer bound for T'%,.
However, several authors [11], [12], [10], [13] have proven
new non-Shannon inequalities forming tighter polyhedral
outer bounds, and these could alternatively be substituted in
the technique we will describe.

III. BINARY REPRESENTABLE MATROID INNER BOUND
FOR THE REGION OF ENTROPIC VECTORS

We now proceed to describe the inner bound on the closure
of the region of entropic vectors, IR® C T'%, where I'Rin
is formed by taking the convex hull of the extreme rays
of the Shannon outer bound I'y that equal (up to a scalar
multiple) the rank function of a binary representable matroid.
To fully explain and motivate these ideas, we first give a
brief background on relevant portions of matroid theory in
§III-A and rank functions for matroids, polymatroids, and
subspaces §III-B. Then in §III-C we formally define the inner
bound, prove a theorem by Hassibi important in its efficient
computation, and apply the theorem to compute the inner
bound.

A. Matroid theory

Matroid theory (c.f., [5]) is an abstract generalization
of the familiar notion of independence in the context of
linear algebra to the more general setting of set systems,
i.e., collections of subsets of a ground set obeying certain
axioms. The ground set of size IV is without loss of generality
S ={1,...,N} = [N], and in our context each element
of the ground set will correspond to a random variable
as discussed in the previous section. There are numerous
equivalent definitions of matroids, we present just one.

Definition 1. [5] A matroid M is an ordered pair (S,7)
consisting of a finite set S (the ground set) and a collection
7 (called independent sets) of subsets of S obeying:

1) Normalization: () € Z;

2) Heredity: If I € Z and I’ C I, then I' € T,

3) Independence augmentation: If I; € Z and I € 7 and

|I1| < |I2|, then there is an element e € [ — I such
that I; U {e} € 7.

Representable matroids are an important class of matroids
which connect the independent sets to the conventional notion
of independence in a vector space. See §III-B for rj; in the
definition below.

Definition 2. A matroid M with ground set S of size |S| =
N and rank r;; = r is representable over a field F if there
exists a matrix A € F™*N such that for each independent set
I € 7 the corresponding columns in A, viewed as vectors in
F7, are linearly independent.

There has been significant effort towards characterizing the
set of matroids that are representable over various field sizes,
with a complete answer only available for fields of sizes two,

three, and four. These characterizations are given in terms of
lists of excluded minors, where a minor is a matroid that is
obtained from another matroid by a pair of operations called
deletion and contraction. We refer the interested reader to
[5] for the definitions of these operations. A central result in
matroid theory is the characterization of binary representable
matroids due to Tutte.

Theorem 3. (Tutte) A matroid M is binary representable
(representable over a binary field) iff it does not have the
matroid Us 4 as a minor.

Here, Uy, n is the uniform matroid on the ground set S =
[N] with independent sets Z equal to all subsets of [IN] of
size at most k. For example, Us 4 has as its independent sets

7={0,1,2,3,4,{1,2},{1,3},{1,4},{2,3},{2,4}, {3,4}}.

“)
In the following section we define the rank function of a
matroid, and relate it to the rank function for a polymatroid
and a collection of subspaces.

B. Rank functions for matroids, polymatroids, and subspaces

We clarify the relationships between the rank function
for matroids, the rank function for polymatroids, and the
dimension function for arrangements of subspaces

1) Matroid rank function: For a matroid M = (S,Z) with
|S| = N the rank function 7 : 25 — {0,..., N} is defined
as the size of the largest independent set contained in each
subset of S, i.e., r(A) = maxgca{|B|: B € Z}. The rank
of a matroid, rps, is the rank of the ground set, rp; = 7(.5).
The rank function of a matroid can be shown to obey the
following properties. In fact these properties may instead be
viewed as an alternate definition of a matroid in that any
vector obeying these axioms is the rank function of a matroid.

Definition 4. A set function 7 : 25 — {0,..., N} is a rank
function of a matroid if it obeys the following axioms:
1) Cardinality: r(A4) < |A|;
2) Monotonicity: if A C B C S then r(A) < r(B);
3) Submodularity: if A, B C S then 7(AU B) + r(AN
B) <r(A)+r(B).

The operations of deletion and contraction mentioned in
the previous subsection yield new matroids with new rank
functions. Specifically, let M /T denote the matroid obtained
by contraction of M on T C S, and let M \ T denote the
matroid obtained by deletion from M of T' C S. Then, by
[5] (3.1.5,7)

(X UT) —ru(T)
T’]\4(X)

rayr(X) = VXCS-T
ranr(X) = ’ - '
(5)

2) Polymatroid rank function: A polymatroid (S, p) con-
sists of a ground set |S| = N and a rank function p : 25 —

R, obeying the following axioms

Definition 5. A set function p : 2° — R, is a rank function
of a polymatroid if it obeys the following axioms:

1) Normalization: p(0) = 0;



2) Monotonicity: if A C B C S then p(A) < p(B);
3) Submodularity: if A, B C S then p(AU B) + p(AN
B) < p(A) + p(B).

Observe the set of all possible matroid rank functions
rE N2 s countably infinite, and is a subset of the uncount-
ably infinite set of all possible polymatroid rank functions.
A polymatroid (.5, p) determines a corresponding polyhedron
in Rf (sometimes itself referred to as a polymatroid):

P(S,p) = {z eRY: ZL <p(4), VAC S} , (6
i€A

i.e., the polyhedron formed by the intersection of all 2V

halfspaces defined by the rank function inequalities. Fujishige

observed in 1978 [14] that the entropy function for a col-

lection of random variables (X;,7 € [N]) viewed as a set

function is a polymatroid rank function.

Theorem 6. (Fujishige) The Shannon outer bound Ty is
the same as the region of all polymatroid rank functions on
a ground set of size N.

Formally, the entropy set function & : 2I¥] — R, where
h(A) = H(X4) for each A C [N] is the entropy of the
random variables X 4, obeys the axioms in Def. 5.

3) Dimension function of subspace arrangements: Con-
sider a collection of N subspaces S = (S,...,Sn) of a
finite dimensional vector space, and define the set function
d : 25 - N, where d(A) = dim(}_,.,5;) for each
A C [N] is the dimension of the vector space generated
by the union of subspaces indexed by A. It is known that
for any collection of subspaces S, the function d obeys the
polymatroid axioms in Def. 5 (and of course is also integer
valued), but it is also known that these axioms are necessary
but insufficient. That is, there exist additional inequalities
beyond those in Def. 5 that describe the convex hull of all
possible subspace dimension set functions. The following
theorem due to Ingleton (1971) [15] addresses the case of
N = 4 subspaces:

Theorem 7. (Ingleton). For N = 4 subspaces S =
(S1,...,S4) the following are necessary and sufficient condi-
tions for a set function d : 25 — N to capture the dimension
of all possible subsets of S:

1) Normalization: d(0) = 0;

2) Monotonicity: if A C B C [N], then d(A) < d(B);
3) Submodularity: if A C B C [N], then d(AU B) +
d(ANB) <d(A4) +d(B);

4) Ingleton’s inequality:

d(1,2) +d(1,3,4) + d(3) + d(4) + d(2,3,4) <

d(1,3) +d(1,4) +d(2,3) + d(2,4) +d(3,4), (7

where the inequality must hold for all relabelings of
the four subspaces.

Recent work by Kinser [9] and Dougherty, Freiling, and
Zeger [8] addresses the case of N = 5 subspaces. In
particular, [8] establishes 24 additional inequalities that hold

(besides the Ingleton inequalities) and prove this set is irre-
ducible and complete in that all inequalities are necessary and
no additional non-redundant inequalities exist. The question
of characterizing additional inequalities that hold for N > 6
subspace arrangements, and establishing that those additional
inequalities fully characterize the set of achievable dimension
functions is open.

C. Binary representable matroid inner bound I‘?\}“

We observed the equivalence between rank functions for
polymatroids and the Shannon outer bound, I'y;, as well as
the fact that the convex hull of the set of rank functions
for matroids forms an inner bound on I'p, since all matroid
rank functions are themselves polymatroid rank functions.
The binary representable matroid inner bound TR is defined
as the convex hull of all extreme rays of the Shannon outer
bound Iy that are ¢) matroid rank functions, and i7) binary
representable.

Indeed, such extreme rays that are binary representable
must be entropic. To see this, let the matrix associated with
the binary representable matroid M for the selected extreme
ray be A a rank(M) x N matrix. Define the random vari-

ables Uy, ..., Unnk(ary binary independent uniform random
variables, and define the random variables (X1,...,Xn) =
(Ui, .-+, Urank(ary ) A The random variables X, ..., Xn so

defined have the desired entropies.

To fix ideas, consider the extreme rays of the Shannon
outer bound at N = 4, ie., I'y, which is a polyhedral
cone in Rf’ formed by the intersection of the 60 Shannon
information inequalities for four variables. This cone has 41
extreme rays listed in Table I, where the following notation
is employed:

1) Bin (26): a binary representable matroid rank function;

2) IgV (6): an extreme ray violating Ingleton’s inequality;

3) U4 (1): the rank function of the Us 4 matroid;

4) Pol (8): a polymatroid rank function that is not Bin,

IgV, or U2’4.
Thus T'%™ is the convex hull of the 26 binary representable
matroid rank functions, i.e., the extreme rays of I'4 listed as
Bin. This polyhedral cone may equivalently be represented
as the intersection of 28 halfspaces (inequalities).

For N > 4, say for N = 5, the natural generalization of
this idea is to enumerate the extreme rays of the Shannon
outer bound on 5 variables (hard), or alternatively all rank
functions of matroids on a ground set of size 5 (easier),
and categorize them as above, and form the binary repre-
sentable matroid inner bound as the convex hull of those
extreme rays that represent binary representable matroid rank
functions. Unfortunately this idea suffers from significant
computational overhead. Hassibi et al. [6] pointed out that
since the forbidden minor U, 4 being checked for has ground
set 4, and the rank function of a minor is expressible in
terms of the original matroids rank function, one only needs
to carry out this program at N = 4. Plugging the rank
function of each minor into the polyhedra T'}" yields the
binary representable matroid rank function inner bound for



N variables, F‘}’\}“, without requiring an enumeration of the
extreme rays of I'y or the rank functions of all matroids on a
ground set of size IN. The theorem provides a necessary and
sufficient condition for membership in TR™ by adding to the
halfspace representation of I'y a collection of inequalities.
These additional inequalities ensure that the rank function of
all size four subsets of the /N random variables, obtained by
either deletion or contraction of the remaining variables, lie
in the set of binary representable matroid rank functions for
four variables.

Theorem 8. (Hassibi) A rank function ry in RiNfl lies in
the polyhedral cone FE’\}“ iff:

1) ry €ny

2) for every size 4 subset of indices of [N], say {1, j, k,1},
for every A C [N]|\ {i,,k, 1} (a subset of the
remaining indices) the rank function r4(B) := rn(AU
B) —rn(A), BC{i,jk,1}, ie. the rank function of
the minor created by deleting [N]\ (AU {i,7,k,1})
and contracting on A, lies in F'ji“.

Hassibi [6] states the theorem without proof. We provide a
proof below.

Proof: We only need to exclude Us 4 minor for a vector
to be binary representable, according to Theorem 3. So, we
need to show that satisfying the two conditions is excluding
Us,4 minor. The first condition is trivial. We consider the
second one. We know that a minor is obtained by a series
operations of deletion and/or contraction. Thus, for a fixed 4
elements i, j, k, ! € [N], the minor is obtained by contracting
A C [N)\{%,4,k,1}, and deleting the remaining elements
[NN\(A U {i,j,k,l}. The rank function r4 in the theorem
is the rank function associated with this minor. It is in the
convex cone of the entropic vectors of four binary random
variables if and only if it is not the Us 4 rank function. H

The theorem yields a halfspace representation of the binary

representable matroid inner bound I'}" as follows.

1) Generate the 56 inequalities for the binary repre-
sentable matroid inner bound for N = 4 variables,
Tbin,

2) Generate the polymatroid rank function inequalities
(i.e., the Shannon information inequalities) for /N vari-
ables.

3) Enumerate all subsets of four variables from the set
of N variables, say {i,j,k,l}. For each such sub-
set, for every subset A of the remaining elements
[N]\ {4,J,k,1} express the rank function r4 obtained
by deleting [N] \ (AU {3,j,k,1}), then contracting
on A (using (5)). Apply this rank function to each of
the 56 inequalities required for membership in I’} to
obtain 56 new inequalities for r for each distinct size
4 subset and each subset of the remaining elements.

The result is the complete set of inequalities for membership
in TRi™. Application of this procedure produced (after remov-
ing redundant inequalities) a collection of 570 inequalities for
N =5 and 3420 inequalities for N = 6 variables.

Table 1
EXTREME RAYS FOR 4 VARIABLES

# | T1TaT1273T137T23T123T4T14T2471247347134723471234 | Property
1 o11 11 1 111 11 1 1 1 1 Bin
2 101 11 1 111 1 1 1 1 1 1 Bin
3 o000 11 1 111 1 1 1 1 1 1 Bin
4 ori1 oo 1 111 1 1 1 1 1 1 Bin
5 101 o1 0o 111 1 1 1 1 1 1 Bin
6 000 00 O O11 1 1 1 1 1 1 Bin
7 000 111 1000 O0 1T 1 1 1 Bin
8 or1 o001 100 1 1 O O 1 1 Bin
9 101 01 0101 01 O 1 O 1 Bin
10 1tT1 11 1 111 11 1 1 1 1 Bin
11 1tT1 o1 1 111 1 1 1 1 1 1 Bin
12 112 12 2 222 2 2 2 2 2 2 Pol
13 112 12 2 212 22 2 2 2 2 Us 4
14 212 12 2 21222 2 2 2 2 Pol
15 122 12 2 21222 2 2 2 2 Pol
16 111 122 21222 2 2 2 2 Bin
17 111 111 101 11 1 1 1 1 Bin
18 112 12 121222 2 2 2 2 Bin
19 112 12 2 323 3 3 3 3 3 3 Pol
20 1172 22 2 212 22 2 2 2 2 Pol
21 112 11 2 21222 2 2 2 2 Bin
22 or1 11 1 100 1 1 1 1 1 1 Bin
23 112 12 2 211 22 2 2 2 2 Bin
24 ori1 112 2112 2 2 2 2 2 Bin
25 101 111 101 0 1 1 1 1 1 Bin
26 112 12 2 21212 2 2 2 2 Bin
27 101 12121212 2 2 2 2 Bin
28 223 23 3 423 3 4 4 4 4 4 IgVv
29 112 23 3 31223 3 3 3 3 Pol
30 1171 01 1 101 1 1 O 1 1 1 Bin
31 1172 12 2 212 2 2 1 2 2 2 Bin
32 1172 01 1 212 2 2 1 2 2 2 Bin
33 223 23 3 423 4 4 3 4 4 4 IgVv
34 123 12 3 312 3 3 2 3 3 3 Pol
35 213 13 2 313 23 2 3 3 3 Pol
36 223 23 3 424 3 4 3 4 4 4 IgVv
37 1172 12 2 201 1 2 1 2 2 2 Bin
38 223 23 4 423 3 4 3 4 4 4 IgVv
39 223 24 3 423 3 4 3 4 4 4 IgVv
40 1172 12 2 312 2 3 2 3 3 3 Bin
41 224 23 3 423 3 4 3 4 4 4 IgV

IV. IMPLICIT RATE REGIONS FROM I'}y

Multiple important rate regions in multi-terminal infor-
mation theory can be directly expressed in terms of the
region of entropic vectors. For completeness we review
these expressions for multilevel diversity coding systems and
multiple multicast network coding in this section. Since these
regions are expressed in terms of I'}; and close variants, we
can use the inner and outer bounds for it reviewed in the
previous sections to obtain inner and outer bounds on the
rate regions, as well as other insights, which we will detail
in the next section.

A. Multilevel Diversity Coding Systems

Multilevel diversity coding was introduced by Roche
[1] and Yeung [2]. In a multilevel diversity coding sys-
tem (MDCS), there are K independent sources Xi.x =
(X1,...,Xk) where source k takes values in (has support)
X, and the sources are prioritized into K levels with X
(X k) the highest (lowest) priority source, respectively. As



is standard in source coding, each source Xj is in fact a
sequence of random variables {X},t = 1,2,...} iid. in
t, so that X is a representative random variable with this
distribution.

All sources are made available to each of a collection
of encoders indexed by the set E, the outputs of which
are description/message variables U.,e € E. The message
variables are mapped to a collection of decoders index by
the set D that are classified into K levels, where a level
k decoder must losslessly (in the typical Shannon sense)
recover source variables Xy, = (Xi,...,Xy), for each
k € {l1,...,K}. The mapping of encoders to decoders
dictates the description variables that are available for each
decoder in this recovery. Thus, different level k£ decoders
must recover the same subset of source variables using
possibly distinct subsets of description variables. Hau [3]
enumerated 31 distinct configurations mapping descriptions
to decoders for the case of K = 2 levels and £ = 3
encoders, and 69 distinct configurations mapping descriptions
to decoders for the case of K = 3 levels and £ = 3 encoders,
after symmetries are removed.

Many applications of this class of coding systems have
been studied, such as distributed information storage[l],
secret sharing [16], satellite communications [17], and peer-
to-peer (P2P) networks [18].

1) Admissible Coding Rate Region: Let
R = (Ri,...,Rpg) € Rf be the rate vector for the
encoders, defined as follows. For each blocklength n € N
we consider a collection of E block encoders, where
encoder e maps each block of n variables from each of the
K sources to one of 2" different descriptions:

K
f(”):HX,?a{l,...ﬂ”RE}, ecE. (8)

i=1
The encoder outputs are indicated by U, = f{™(XLn)

for e € E. The D decoders are characterized by their
priority level and their available descriptions. Specifically,
decoder j has an associated priority level k£ € [K] and an
available subset of the descriptions, called fan of decoder j,
in particular those with encoder indices £; C E (i.e., decoder
dhas Uy = (Ue, e € &4)), and must asymptotically losslessly
recover source variables X7.j:

ec&qy

k
2nfiey HX,?, deD. (9
i=1
The rate region R for the configuration specified by K, E,
and the encoder to decoder mappings (&;, j € [D]) consists
of all rate vectors R = (Ry,..., R|g|) such that there exist
sequences of encoders " = (f,e € E) and decoders g" =
(g5,d € D) for which the asymptotic probability of error
goes to zero in n at all decoders. Specifically, define the
probability of error for each level k decoder d as

Py (R) = P(ga(fe(Xi%) e € Ea) # X1E),  (10)
and the maximum over these as
p™“"(R) = max max ps W (11)

keK deDy

where Dy, C D is the set of level k decoders. A rate vector
is in the rate region, R € R, provided there exists {f7} and
{g5} such that p™°""(R) — 0 as n — oo.

The rate region R can be expressed in terms of the
region of entropic vectors, I'y, [4]. For the MDCS problem,
collect random variables N' = {Yy,k € [K|} U (Ue,e €
E},IN| = N, where Y,k € [K] are auxiliary random
variables associated with X, k € [K]. The inner bound R,
on region R is the set of rate vectors R such that there exists

h € I'y satisfying the following (see [17])

hy, > H(Xg) k€ [K] (12)

K
hvie = D hx, (13)

k=1
huyvie = 0e€E (14)
by, s = 0, Da €Dy (15)
R. > hy,,e€[E] (16)

The outer bound_Rout is the set of rate vectors R such that
there exists h € I'}; satisfying equations (13) to (16) and the
following inequality

hy, > H(Xy),k € [K] a7

where the conditional entropies h 4 p are naturally equiva-
lent to hyp — hp. These constraints can be interpreted as
following: (13) represents that sources are independent; (14)
represents that each description is a function of all sources
available; (15) represents that the recovered source messages
at a decoder are a function of the input descriptions available
to it; and (16) represents the rate constraints.
Define the sets

Lo = {heR¥ 1 :hy, > H(X), ke [K]} (18)

Ly = {heR¥':hy >H(Xg) ke [K]} (19)

L = {heRY Vihx e = Y hx,} (Q0)
JE[K]

L, = {heRY 1 ihy x, . =0,ec[E]} (@I

Ly = {heRY ' ihy ,u =0,Ds €Dy} (22)

Ly = {(heR¥ 'R, >hy,cc[E}.  (23)

Note that the sets £y and L[, are corresponding to the
constraints (12) and (17), sets Ly, ... L4 are corresponding
to the constraints (13), (14), (15), (16), respectively. Then we
see that

Rin = Ex(proj,,, . .(I'v N Loi2s)) (24

and

Rouw = EX(prthuc,qu] (T N Li23NLY))  (25)

where Lo123 = N3_y L, proj,,, et (B) is the projection of

the set B on the coordinates (hy, |e € [E]), and Ex}&B) =
N

{he Ri ~L.h > h for some h' € B}, for B C Ri -1



2) Results from Hau’s thesis: It is shown in [3] that for all
the 100 non-symmetrical 3-encoder MDCS configurations,
all rate regions are achievable using linear coding of inputs
and 86 out of them (29 out of 31 for 2-level-3-encoder
and 57 out of 69 for 3-level-3-encoder) are achievable using
superposition coding [2]. The rest can be achieved by linear
combination or a hybrid of linear combination and superpo-
sition. When using superposition coding, the data streams are
encoded separately and the output from an encoder is just the
concatenation of those separated codewords. In this manner,
each encoder can be viewed as a combination of several sub-
encoders, and thus the coding rate of an encoder is the sum
of coding rate of each sub-encoder.

B. Multiple Multicast Network Coding

The capacity region of network coding on a direct acyclic
graph network with multiple multicasts can be directly ex-
pressed in terms of the region of entropic vectors with a
similar series of linear constraints to those in the previous
section. We will demonstrate the inner and outer bounding
techniques in paper on MDCSs, however, the techniques are
directly extensible to the network coding capacity region as
well. The interested reader is referred to [4] for the expression
for the associated rate region.

V. COMPUTATIONAL TECHNIQUE TO CALCULATE RATE
REGIONS AND THEIR CODES VIA THE BOUNDS I'y, I'RN

As shown in section IV-Al, the rate region for multilevel
diversity coding systems, and more broadly multiple multi-
cast network coding, can be expressed directly in terms of
the region of entropic vectors. Since I_‘}‘V is yet unknown
for N > 4, to approach the goal of completely computing
these rate regions, one must replace I'}; with its inner and
outer bounds. The polyhedral nature of TR™ and I'y, allow
for a convenient computational technique for computing rate
regions as follows.
Using ' in place of Ty yields an inner bound Ri, € R
on the achievable rate region R, while using I'x in place of
Iy yields an outer bound Rou 2 R. If the expressions
inner and outer bounds match R, = Rout, then one has
determined the rate region. Additionally, the matrix repre-
sentation of the binary representable matroid associated with
any extreme ray of I'RI" chosen by selecting an extreme point
of R gives a binary linear code for achieving the rate region
at this extreme point.
The automated computational technique for calculating
rate regions operates as follows:
1) Replace I'} by F}D\}“ in (24) in order to obtain a
polyhedron TRI" N L1935 N L}).

2) Using Fourier Motzkin or any equivalent alternative,
eliminate all variables in the polyhedron T}" N £33N
L{ (i.e. all subset entropies) except for R.,e € E and
H(X}),k € [K]. The resulting polyhedron in R, e €
E and H(X}),k € [K] is the inner bound R,.

3) Replace I'yy by I'yv in (25) in order to obtain a

polyhedron I'y N Lo123.

x4y}
,—| Us G
E3 | D4 ___{Xt’yt}
Figure 1. A 2-level-3-encoder MDCS: case 8

4) Using Fourier Motzkin or any equivalent alternative,
eliminate all variables in the polyhedron I'y N Lp123
(i.e. all subset entropies) except for R.,e € E and
H(X4), k € [K]. The resulting polyhedron in R.,e €
E and H(Xy), k € [K] is the outer bound R,y:.

5) Compare Ri, with Roy. If they are equal, they give
‘R. Additionally, the matrix representation of the binary
representable matroid associated with any extreme ray
of I'%" chosen by selecting an extreme point of R
gives a binary linear code for achieving the rate region
at this extreme point.

We have written software to implement this routine [19], and
will demonstrate the results from using it on the MDCSs in
Hau’s thesis in the next section.

VI. DEMONSTRATION & RESULTS

In this section, we demonstrate the computational tech-
nique for calculating rate regions and efficient codes de-
scribed in §V by applying it to some small multilevel
diversity coding systems. In this paper, as in [2], [3], we
restrict our attention to X = 2 and K = 3 sources, and
label the source variables as (X,Y’) (for two levels) and
(X,Y,Z) (for three levels). Hau [3] did not give all rate
regions for all configurations and only gave one converse
proof of the rate regions. The software we developed is able
to generate achievable rate regions (or in some cases bounds)
automatically and thus gives converse proofs.

1) 2-level-3-encoder: As mentioned above, after exclud-
ing permutation and symmetrical constructions, there are 31
configurations in total for 2-level-3-encoder MDCS, as shown
in Table II. In the table, (*) indicates that superposition is
not optimal for this configuration. The fan of a decoder is
grouped in parentheses ( ) and each index is separated by a
comma. The decoders that lie in the same level are grouped
in braces { } and each grouped decoder is also separated by
a comma. Level 1 decoders can reconstruct X and level 2
decoders can reconstruct X, Y.

Take case 8 for example (see Table II), it has configuration
level 1 ‘ level 2
(M} [ {1, 2,1, 3),2,3)}
and the corresponding diagram is shown in Figure 1. The
three encoded descriptions are noted as Uy, Us and Us and
we use Rp, Ro, R3 to denote the coding rates for the three
encoders, respectively.




Table 11
ALL 31 CASES FOR THE 2-LEVEL-3-ENCODER MDCS

Case level 1 (X) level 2 (XY) Match
1 ()} {2} Y
2 ()} {(2), B} Y
3 ()} {1, 2)} Y
4 ()} {2, 3)} Y
5 ()} {d, 2), 3)} Y
6 ()} {d, 2), 2, 3)} Y
7 ()} {d, 2), 1, 3)} Y
8* ()} {d, 2), (1, 3), (2, 3)} N
9 ()} {d, 2, 3)} Y
10 {(), @} {3)} Y
11 {M), @} {1, 2)} Y
12 {), @} {2, 3)} Y
13 {(), @} {d,2), 3)} Y
14 {M), @} {d,2), 2, 3)} Y
15 {M), @} {d, 3), 2, 3)} Y
16 {), @} {1, 2), (1, 3), (2, 3)} N
17 {), @} {1, 2, 3)} Y
18 {(), 2), 3)} {1, 2)} Y
19 {(D), 2), 3)} {d,2), 2, 3)} Y
20 {(), 2), 3)} {1, 2), (1, 3), (2, 3)} N
21 {(D), 2), 3)} {d, 2, 3)} Y
22 {a, 2)} {3} Y
23 {a, 2)} {2, 3)} Y
24 {a, 2)} {d, 3), 2, 3)} N
25 {1, 2)} {(1, 2, 3)} Y
26 {M), 2, 3)} {d, 2)} Y
27" {(), 2,3)} {d,2), 1, 3)} Y
28 {D), 2, 3)} {d, 2, 3)} Y
29 {d,2), (2, 3)} {d, 3)} N
30 {(1, 2), (2, 3)} {(1, 2, 3)} Y
31 {(1, 2), (1, 3), (2, 3)} {(1, 2, 3)} N

We ran the technique discussed in §V on each of the cases
in Table II. Comparing Shannon outer bound and binary
representable inner bound for all 31 cases, we found only
6 cases where the Shannon outer bound and binary inner
bound do not match. The cases are: 8, 16, 20, 24, 29 and
31. Table II also indicates the cases where the two bounds
match. Also, we list the 6 cases where Shannon outer bound
and binary representable inner bound do not match in Table
IIT with explicit polyhedron inequality representations, where
the differences between the two bounds are highlighted in
bold.

2) 3-level-3-encoder: In 3-level-3-encoder MDCS, there
are 3 source streams, X, Y and Z. Decoders lie in level 1 re-
construct X, level 2 reconstruct X, Y and level 3 reconstruct
X,Y, Z. There are 69 non-symmetrical cases in total for 3-
level-3-encoder MDCS. The full list of all the configurations
are omitted here because of space limitations. Readers are
referred to [3] from page 32-34, if interested.

Also take case 8 as an example in 3-level-3-encoder
MDCS. It has configuration

level 1 | level 2 | level 3

My | (@) | {12, 1 3), 2 3)
and the corresponding diagram is shown in Figure 2. Note
that case 8 of 2-level-3-encoder MDCS is embedded in case
8 of 3-level-3-encoder MDCS by superimposing stream X
onto a 2-level-3-encoder MDCS for streams Y, Z. Therefore,
if the Shannon outer bound and binary inner bound for the
former configuration do not match, they will not match in

w
e

0| o
(Xt Y*, 7%

Figure 2. A 3-level-3-encoder MDCS: case 8

U1
{Xt,Yt,Zt}

(Xt Yt 74}

latter case, either. The inner and outer bound obtained from
applying the rate region bounding technique to this problem
is shown in Table IV, where the extra inequality for the inner
bound is in bold.

VII. CONCLUSIONS AND FUTURE WORK

In this paper we demonstrated how to use inner bounds on
the region of entropic vectors associated with representable
matroids to obtain rate region expressions and optimal codes
for multilevel diversity coding systems. The results are easily
extensible to networks under network coding for multiple
multicast. While the techniques focussed on binary repre-
sentable matroids, similar excluded minor characterizations
for representability for other classes of matroids can be
applied to get other inner bounds. An additional promising
direction we are looking into is to obtain bounds based on the
ranks of subspaces by grouping variables in the representable
matroid inner bounds. Future work will apply the developed
computational techniques to a collection of small networks
and look for characteristics when the outer bound created
with the Shannon outer bound (known as the LP outer bound
in this context) is tight.
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Table III
SIX CASES WHERE BINARY INNER BOUND AND SHANNON OUTER BOUND DO NOT MATCH. THE INEQUALITIES WHERE OUTER BOUND AND INNER
BOUND DO NOT MATCH ARE IN BOLD.

Case Outer Bound Inner Bound
3 T > H(X) Ri > H(X)
Ri+R: > HX)+H(®Y) Ri+R: > HX)+H(®Y)
Ri+Rs > H(X)+H(®Y) Ri+Rs > HX)+H(®Y)
Ra+Rs > H(X)+H(®Y) Ry+Rs > H(X)+H(®Y)
Ri1i+R2+Rs > H(X)+2H(Y)
16 R > H(X) Ry > H(X)
Ry > H(X) Ry > H(X)
Ri+R2 > 2H(X)+H(Y) Ry +R2 > 2H(X)+H(Y)
Ri+R3 > H(X)+H(Y) Ri+Rz > H(X)4+H()
Ro+Rs > H(X)+H(®Y) Ry+Rs > H(X)+H(®Y)
R1i+R2+Rs > 2H(X)+2H(Y)
20 R > H(X) Ry > H(X)
Ry > H(X) Ry > H(X)
Ry > H(X) Ry > H(X)
Ri+Ry > 2H(X)+H(Y) Ri+Re > 2H(X)+H(Y)
Ri+Rs > 2H(X)+ H(Y) Ri+Rs > 2H(X)+H(Y)
Ra+ Rs > 2H(X)+H(Y) Ro+ Rz > 2H(X)+H(Y)
Ri+R2+Rs > 3HX)+2H(Y)
24 Ri+ Ry > H(X) Ri+ Ry > H(X)
Ri+Rs > H(X)+H(®Y) Ri+Rs > H(X)+H(®Y)
Ra+Rs > H(X)+H(®Y) Ra+Rs > H(X)+H(®Y)
Ri1+Rz2+Rg > ZH(X) + H(Y)
29 Ri+Ry > H(X) Ri+ Ry > H(X)
Ri+Rs > H(X)+H(®Y) Ri+Rs > H(X)+H(®Y)
Ry +R3 > H(X) Ry +R3 > H(X)
Ri +2R2+Rs > 2H(X)+H(Y) Ri +R2+Rs > 2H(X)+H(Y)
31 Ri+R: > H(X) Ri+R: > H(X)
Ri+Rz > H(X) Ri+Rz > H(X)
Ry +R3 > H(X) Ry +R3 > H(X)
Ri+Rz2+2Rs > 2H(X)+H(Y) Ri+Rz2+Rs > 2H(X)+H(Y)
Ri+2R2 +2Rs > 2H(X)+H(Y)
2R1 +R2+Rs > 2H(X)+ H(Y)
3R1 +2R2 +2R3 > 3H(X)+ 2H(Y)
Table IV
COMPARISON OF SHANNON OUTER BOUND AND BINARY REPRESENTABLE INNER BOUND FOR CASE 8 OF 3-LEVEL-3-ENCODER MDCS
Outer Bound Inner Bound
R1 > H(X) R1 > H(X)
Ry > HX)+H(®Y) Ry > HX)+H(®Y)
Ri+ Ry > 2H(X)+HY)+ H(Z) Ri+ Ry > 2HX)+HY)4+ H(Z)
Ri+Rs > H(X)+H(Y)+H(Z) Ri+Rs > HX)+HY)+H(Z)
Ra+Rs > H(X)+HY)+H(Z) Ra+Rs > H(X)+H(Y)+H(Z)
Ri1+R2+Rs > 2H(X)+ H(Y) + 2H(Z)




